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Abstract

We presenta syntacticaccountof MLL proofnetcorrectness.This yieldsanextremely
succinctproof of thesequentializationtheorem,andelicits anintuitive proof-theoreticun-
derstandingof correctness.

1 Intr oduction

Whatdograph-theoreticcorrectnesscriteriafor MLL proofnetsmean? TheDanos-Regniercri-
terion[DR89], Girard'soriginal trip criterion[Gir87] andthecontractabilitycriterion[Dan90,
Laf95] all demandrealcombinatorialwork to extractsequentializations.Thusthecriteriaare
farenoughremovedfrom proof theorythatthey haveanalmostmysticalquality: why do they
work?

Thegoalof thispaperis to deepenourunderstandingof themeaningof correctnesscriteria
by exhibiting a direct proof-theoreticdescriptionof a variantof the contractabilitycriterion.
Thebestoverview is obtainedby perusingFigures3–7,whichillustratetheideaof constructing
asequentializationby gluingproof fragments,directlymimicking thecorrectnesscriterion.

Not only doesthis yield insight as to what correctnesscriteria areabout,but by captur-
ing thecorrectnesscriterionsyntactically, theproof of thesequentializationtheorembecomes
trivial. Indeed,oncethe idea of gluing proof fragmentswith broken par rules is presented
(Section3), the proof of the theoremis reducedto four lines, plus a lemmawith a � ve-line
proof.

2 Proof nets

We work with Lafont'sde�nition of proof structures[Laf95] (seeFigure2). Principalportsof
nodesaredepictedasblacksemicircles;a concluding port is a principalport with no incident
edge.Thetwo upper edges of a pararetheedgesimmediatelyabove.

Weintroduceavariantof thecontractibilitycorrectnesscriterion[Dan90, Laf95]. To break
a par of a proof structureis to deleteits two upperedges.A broken par � is gluable if its
deletedupperedgesgo up to thesameconnectedcomponent,distinct from thecomponentof

� . A gluing is thereplacementof thedeletedupperedgesof agluablepar.

Definition (Proof net). A proof structure � is a proof net if breakingeverypar of � leavesa
forest,fromwhich � canberestoredby a sequenceof gluings.

SeeFigure2 for anexample.

Theorem (Sequentialization). A proof structure � is sequentializableiff � is a proofnet.

Theproof is in Section4. Figures3–7illustratethesimpleidea:constructa sequentialization
by mimicking thegluingsequenceonproof fragments.

1



3 Gluing proof fragments

A broken proof structure is any subgraphof a proof structureobtainedby breakingzeroor
more pars; a connectedcomponentof a broken proof structureis called a proof structure
fragment. A proof fragment is any proofof theextensionof MLL with thebroken par rule:

������� � � � � � � � � � � � � � � � � � � � � � � �� ���������������� � � � � � � � � � � � � � �������������������������������� � � � � � � ���
� � � � � � � � � � � � � � � � � � � � � � � � � � �� ���������������� � � � � � � � � � � � � � �������������������������������� � � � � � � �	� (

�
and � arearbitraryMLL formulas)

Justasevery MLL proof de�nes a proof structureby simple recursion[Gir87], every MLL
proof fragmentde�nes a proof structurefragment: addthe basecasethat a broken par rule
de�nesabrokenpar. A proofstructurefragment
 is sequentializable if it is de�nedby aproof
fragment;theproof fragmentis a sequentialization of 
 . Assumethatsequentsaremultisets,
sothepermutationrule is omitted.Thentherulesof a sequentialization� of 
 arein bijection
with the nodesof 
 , and the concludingformulasof � are in bijection with the concluding
portsof 
 .

An acyclic proofstructurefragmentin whicheveryparis brokenis calleda tensor tree. By
inductionon thenumberof nodes,a tensortree 
 is trivially sequentializable:thebasecaseof
a brokenparis sequentializedby a brokenparrule; otherwise
 comprisestwo smallertensor
treesjoinedata tensor. Figure3 shows � ve tensortreesandtheir sequentializations.

Givena brokenparrule � with conclusion
� � � � � � � � � � � � � � � � � � � � � � � � � �� ���������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � � in a proof fragment� , anda proof frag-

ment ��
 with conclusion��� � � � (seeFigure1), the gluing of � to ��
 at
� � � consistsin (i)

placing ��� � � � asthehypothesisof � , (ii) replacingeverysequent� below ��� � � � by ����� .

4 Proof of the sequentializationtheorem

Lemma (Gluing preserves sequentializability). Let 
���
�
 be fragmentsof a broken proof
structure, let � be a brokenpar of 
 with deletededges ��������� up to principal ports ��������� in

�
 , andlet  bethefragmentresultingfromthegluingof � (thus  "!#
%$'&��(��������)*$+
,
 ). If 

and 
 
 aresequentializable, then  is sequentializable.

Proof. Let �-����
 be sequentializationsof 
��.
/
 respectively, let � be the broken par rule of �
correspondingto � , and let

� � � be the conclusionformulasof ��
 correspondingto � � ��� �
respectively. Without lossof generality, theconclusion0 of � is

�1�� � � � � � � � � � � � � � � � � � � � � � � �� ���������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � � (if necessary, rename
0 and its descendents).Let 2� be the resultof gluing � to ��
 at

� � � . By inductionon the
numberof rulesbelow � , 2� is a sequentializationof  . 3
Theorem (Sequentialization). A proof structure � is sequentializableiff � is a proofnet.

Proof. (Only if.) A simple and uninterestinginduction on the numberof nodes. (If.) By
hypothesis,breakingall parsof � leavesa forest 4 , anda sequence5 of gluingsrestores4 to

� . Eachfragmentof 4 is atensortree,hencesequentializable.By Lemma4,everyconsecutive
gluingof 5 preservessequentializability, hence� is sequentializable. 3
Acknowledgements. Thanksto VaughanPratt,LaurentRegnier, andVincentDanos.
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(Bottom)

Figure1: Gluing a brokenpar rule. This exampleis an instanceof the de�nition on page2
with

� !�� , � !�� , and � ! ��� �"!#� � ! � � �$! � � � . To save space,sequentturnstiles
areomitted. (Top) The proof fragments��
 (above) and � (below). (Middle) Step(i) of the
de�nition: placing ���%� ��� asthehypothesisof thebrokenpar rule. (Bottom) Step(ii) of the
de�nition: replacingeverysequent� below ���%� ��� by ����� .

3



�

� �

��� ������

���

	�

	�


	�

	�


��� ������

���

�

� �

��� ������

���

	


	�


	�

	�


�

� �

��� ������

���

	�

	�


	�

	�


��� �

� �

��� ������

���

	


	�


	�

	�


��� ���

�

� �

��� ������

���

	�

	�


	�

	�


��� ������ �

� �

��� ������

���

	


	�


	�

	�


��� ������

���

Figure2: Verifying thecorrectnesscriterionfor theproofnetshown top-left. Breakingall pars
leavesa forest (top-right), from which the proof structurecanbe restoredby a sequenceof
gluings(mid-left, mid-right, bottom-left,bottom-right).Note thatprior to gluing par3, par4
is notgluable,sinceits parentsarein separateconnectedcomponents.

4



�

� �

��� ������

���

	�


	�


	�
 	�
��
 �

� 
 �

��
 � � 
 �

��
��� � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � � � 
�����
 � � � � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � �������������������������������� � � � � � � � � � 
��� � � � � � � � � � � � � � � � � � � � � � � �� ����������������� � � � � � � � � � � � � � �������������������������������� � � � � � � � �

� ��
��� � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � ����� � � 
�����
�� � ���� � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � �������������������������������� � � � � � � � � ��� � � 
�� � �

� � ��
 � � � � � � � � � � � � � � � � � � � � � � � � �� ����������������� � � � � � � � � � � � � � � ������������������������������� � � � � � � � ����� � � 
�����
�� � � � � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � �������������������������������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � � ��� � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � �� ��������������� � � � � � � � � � � � � � � � ������������������������������� � � � � � � � � � �

!#"#$&%('' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' $&)+*,".-&%/*10�%�)324'' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' !#"506'' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' '''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' -�)+*7".89%:'' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' 8�)32 ";' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' '''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' '''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' )

0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' - 89%:'' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' 8
"50 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' -&)+*,".8 %('' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' 8�) "<*=)0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' - "3' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' ) 89%:'' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' 8 ";' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' )

8 %�> 8 "5?A@�)$&% ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' $ -&%/*10�% > 0 > -
"5$ %('' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' $&)+*7"5- % *B0 % ) > 0 > - "<*=)$&% ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' $ ";' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' '' ' ''''''''''''''' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ''''''''''''''''''''''''''''''' ' ' ' ' ' ' ' ) -�% > - 0�% > 0

-&%/*10�% > 0 > - "<*=)-�% > - "5?A@�) 0�% > 0 "5?A@C)

$�% > $ "#?A@C)

Figure3: (Above) The forest 4 of � ve tensortreesresultingfrom breakingevery par of the
proof net � . (Below) Sequentializationsof the � ve tensortrees,obtainedtrivially sinceevery
par of a tensortreeis broken. To save space,sequentturnstilesareomitted. To aid pattern-
matching,theprincipalportsof � have beenlabelled. Dottedlinesarean informal addition.
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Figure4: (Above) The gluing of par 1 in the forest 4 . (Below) The correspondinggluing of
tensortrees.
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Figure5: (Above) Thegluingof par2. (Below) Thecorrespondinggluingof proof fragments.
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Figure6: (Above) Thegluingof par3. (Below) Thecorrespondinggluingof proof fragments.
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Figure7: (Above) The gluing of the �nal par, par 4, restoringtheproof net � . (Below) The
correspondinggluingof proof fragments,yieldinga sequentializationof � .
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