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Abstract

We present syntacticaccountof MLL proofnetcorrectnessThisyieldsanextremely
succinctproof of the sequentializatiotheorem andelicits anintuitive proof-theoretiaun-
derstandingf correctness.

1 Intr oduction

Whatdograph-theoreticorrectnessriteriafor MLL proofnetsmear? TheDanos-Rgniercri-
terion[DR8Y], Girard's originaltrip criterion[Gir87] andthe contractabilitycriterion[Dan9Q
Laf95] all demandeal combinatorialwork to extractsequentializationsThusthe criteriaare
farenoughremovedfrom prooftheorythatthey have analmostmysticalquality: why do they
work?

Thegoalof this paperis to deeperour understandingf themeaningof correctnessriteria
by exhibiting a direct proof-theoretiodescriptionof a variantof the contractabilitycriterion.
Thebestoverview is obtainedby perusing-igures3—7,whichillustratetheideaof constructing
asequentializatioy gluing proof fragmentsdirectly mimicking the correctnessriterion.

Not only doesthis yield insight asto what correctnes<riteria are about,but by captur
ing the correctnessriterion syntactically the proof of the sequentializatiotheorembecomes
trivial. Indeed,oncethe ideaof gluing proof fragmentswith broken par rulesis presented
(Section3), the proof of the theoremis reducedto four lines, plus a lemmawith a ve-line
proof.

2 Proof nets

We work with Lafont's de nition of proof structuregLaf95] (seeFigure?). Principalportsof
nodesaredepictedasblack semicirclesa concluding port is a principal port with no incident
edge.Thetwo upper edges of a pararetheedgesmmediatelyabove.

We introduceavariantof the contractibilitycorrectnessriterion[Dan9Q Laf95]. To break
a par of a proof structureis to deleteits two upperedges. A broken par p is gluable if its
deletedupperedgesgo up to the sameconnectedcomponentdistinctfrom the componenbf
p. A gluing is thereplacementf the deletedupperedgesof agluablepar.

Definition (Proof net). A proofstructue © is a proof net if breakingeverypar of © leavesa
forest,fromwhich © canberestoedby a sequencef gluings.

SeeFigure?2 for anexample.
Theorem (Sequentialization). A proofstructure © is sequentializabl&f © is a proof net.

Theproofis in Sectiond. Figures3—7illustratethe simpleidea: constructa sequentialization
by mimicking the gluing sequencen proof fragments.



3 Gluing proof fragments

A broken proof structure is arny subgraphof a proof structureobtainedby breakingzeroor
more pars; a connectedcomponentof a broken proof structureis called a proof structure
fragment. A proof fragment is ary proof of the extensionof MLL with thebroken par rule:

T A%E (®) (A andB arearbitraryMLL formulas)

Justasevery MLL proof de nes a proof structureby simple recursion[Gir87], every MLL
proof fragmentde nes a proof structurefragment: add the basecasethat a broken par rule
de nesabrokenpar. A proofstructurefragmentyp is sequentializableif it is de ned by aproof
fragment;the proof fragmentis a sequentialization of ¢. Assumethatsequentaremultisets,
sothe permutatiorrule is omitted. Thentherulesof a sequentializatiom of ¢ arein bijection
with the nodesof ¢, andthe concludingformulasof 7 arein bijection with the concluding
portsof ¢.

An agyclic proofstructurefragmentin which every paris brokenis calledatensor tree. By
inductionon the numberof nodesatensortree¢ is trivially sequentializablethe basecaseof
abrokenparis sequentializedby a brokenparrule; otherwisep compriseswo smallertensor
treesjoinedatatensor Figure3 shavs vetensortreesandtheir sequentializations.

Givenabroken parrule p with conclusion4 % B in a proof fragmentr, anda proof frag-
mentz’ with conclusionl’, A, B (seeFigure 1), the gluing of p to 7’ at A, B consistsin (i)
placingTl’, A, B asthehypothesi®f p, (ii) replacingeverysequentA belon T, A, B by T', A.

4 Proof of the sequentializationtheorem

Lemma (Gluing preserves sequentializability). Let ¢, ¢’ be fragmentsof a broken proof
structuee, let p be a broken par of ¢ with deletededgeses, ea up to principal portszy,z2 in
¢', andlet 8 bethefragmentresultingfromthegluing of p (thusé = ¢ U {e1,ex} U ¢'). If ¢
and¢’ are sequentializablghend is sequentializable

Proof. Let 7, ' be sequentializationsf ¢, ¢' respectiely, let p be the broken parrule of =
correspondingo p, andlet A, B be the conclusionformulasof ' correspondindo z1, x>
respectiely. Withoutlossof generality the conclusionC of p is A 2 B (if necessaryename
C andits descendents)Let 7 be the resultof gluing p to «’ at A, B. By inductionon the
numberof rulesbelow p, 7 is a sequentializatiownf 6. O

Theorem (Sequentialization). A proofstructue © is sequentializabléf © is a proof net.

Proof. (Only if.) A simple and uninterestinginduction on the numberof nodes. (If.) By
hypothesisbreakingall parsof © leavesaforestF, andasequence of gluingsrestoresF to
0. Eachfragmenbf F is atensoitree,hencesequentializableBy Lemmad, everyconsecutie
gluing of s preseressequentializabilityhence® is sequentializable. O
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Figure1: Gluing a brokenparrule. This exampleis aninstanceof the de nition on page2
with A = R, B = @, andl’ = (P+ ® P) ® (Q* ® R'). To save spacesequenturnstiles
are omitted. (Top) The proof fragmentsr’ (above) and 7 (below). (Middle) Step(i) of the
de nition: placingT’, R, () asthe hypothesif the brokenparrule. (Botton) Step(ii) of the
de nition: replacingeverysequeniA belovT', R, Q by T', A.



Figure2: Verifying the correctnessriterionfor the proof netshavn top-left. Breakingall pars
leaves a forest (top-right), from which the proof structurecan be restoredby a sequencef
gluings (mid-left, mid-right, bottom-left, bottom-right). Note that prior to gluing par 3, par4
is notgluable,sinceits parentsarein separate€onnectedcomponents.
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Figure3: (Above) TheforestF of ve tensortreesresultingfrom breakingevery par of the
proof net®. (Below) Sequentializationsf the ve tensortrees,obtainedtrivially sinceevery
par of a tensortreeis broken. To sase spacesequenturnstilesare omitted. To aid pattern-
matching,the principal portsof © have beenlabelled. Dottedlines arean informal addition.
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Figure4: (Above) The gluing of par 1 in the forestF. (Below) The correspondingluing of
tensortrees.
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Figure5: (Above) Thegluing of par2. (Below) The correspondingjluing of proof fragments.
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Figure6: (Above) Thegluing of par3. (Below) Thecorrespondingyluing of proof fragments.
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Figure7: (Above) The gluing of the nal par, par4, restoringthe proof net®. (Below) The
correspondingyluing of proof fragmentsyielding a sequentializationf ©.



