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Proofs Without Syntax
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Abstract

“Mathematicians care no more for logic than logicians fotmeaatics.”
Augustus de Morgan, 1868

Proofs are traditionally syntactic, inductively genedatdjects. This paper presents an
abstract mathematical formulation of propositional chlsypropositional logic) in which
proofs are combinatorial (graph-theoretic), rather thamagctic. It defines aombinatorial
proof of a propositiony as a graph homomorphism: G — G(¢), whereG(¢) is a
graph associated with, andG is a coloured graph. The main theorem is soundness and
completenessy is true iff there exists a combinatorial prabf G — G(¢).

1 Introduction As with conventional syntactic soundness and complete-
ness, this theorem matches a universal quantification with
44¥ existential one: a propositi@his true if it evaluates to

% for all 0/1 assignments of its variables, agds prov-
able if there existsa proof of¢. However, where conven-
|gﬁal completeness provides an inductively generajed

In 1868, de Morgan lamented the rift between mathemat
and logic [deMB6B]: ‘mathematicians care no more for logi
than logicians for mathematitsThe dry syntactic manip-
ulations of formal logic can be off-putting to mathemat

cians accustomed to beautiful symmetries, geometries, ic witness €.g. Figure 1), this theorem provides an ab-

.”Ch layers of str ucture. Figure 1 shows a syntagtlc PO actmathematicawitness for every true propositioe.Q.
in a standard Hilbert system taught to mathematics undq*_[- homomorphisrh drawn above)

graduated [HII28, Joh87]. Although the system itself is e ©
egant €.g.just three axiom schemata suffice), the syntac
proofs generated in it need not be. Other systems suc
[Eri879/Gen3H, Tait8] are also syntactic.

This paper presents an abstract mathematical form
tion of propositional calculus (propositional logic) in igsh
proofs are combinatorial (graph-theoretic), rather than s
tactic. It defines @ombinatorial proofof a propositionp Prerequisites. The paper should be accessible to a broad
as a graph homomorphisin: G — G(¢), whereG(¢) is mathematical audience. An acquiantance with basic graph
a graph associated with, andG is a coloured graph. Totheory [Bol02] and propositional calculus [Joh87] would be

. Just three conditions suffice for soundness and com-
feteness: a graph homomorphigm: G — G(¢) is a
Sthbinatorial proof o if (1) G is a coloured graph of a

ertain type, (2 is askew fibration a lax form of graph
LHﬁfation, and (3) the image of each colour class is labelled
appropriately.

ilustrate, if ¢ = ((p=¢q)=p)=p thenG(9) is helpful, though not strictly necessary.
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Here is a combinatorial prodf: G — G(¢) of ¢: 2 Notation and terminology

O——0 o o Graphs. An edgeon a setV is a two-element subset of
V. A graph (V, E) is a finite setl; whose elements are
calledvertices and a sefZ of edges orl Write V(G) and
E(G) for the vertex set and edge set of a gré@phrespec-

° tively, andvw for {v,w}. Thecomplemenof (V, E) is the

5 e 1 Y graph(V, E<) with vw € E€ iff vw ¢ E. A graph(V, E)

q is colouredif V' is equipped with an equivalence relation

The colouring o is indicated by vertex typeo(or ) and  SUch that ~w only if vw ¢ E; each equivalence class is

h is given by the arrows. The same proposition was provedled acolour class Given a sef, a graph is_-labelledif

syntactically in Figure 1. every vertex has an element bfassociated with it, called

The main theorem is soundness and completeness: itslabel Theunion &'V’ of graphsy = (V, E) andG’ =
(V') E") with no common vertex i§V UV’ EUE’) and the
A proposition is true iff it has a combinatorial proof. join GAG' is VUV EUFE U{vw :veV, v eV'});

iS]
iS]



— A syntactic proof of ((p=-¢)=-p)=p inastandard Hilbert system Figure 1—

Below is a proof of Peirce’s law(p = q) = p) = p inastan- is (ni2) (=0 =p=((r=D=0m=0)=(p=1)=p)

dard Hilbert formulation of propositional logic, taughtrttathe- *° @  (e=a=pn=(r=L=@E=q)=(p=1)=p))) =
. . . (((p=)=p)=(p=L)=(p=9))=>(((p=0) =p)=((p=1)=p)))
matics undergraduates [Joh87], with axiom schemata 20 (ml8) (r=a)=p)=((p=L)= (=)= (p=a)=p) = ((p=1) =p))
21 (a) (p=L)=(p=q9)=(((p=q)=p)=((p=L) = (p=9)))
(a) == (y=x) 2@ (20 >p= (Do @202 (=0 )= (pen) >0
= p=1l)=(p=q))= p=q)=p)=((p=L)=(p=gq =
b)) (=Wy=2)=>(z=>y)=(z=2) (r=0) =) = (=D =p))
(¢ (z=Ll)=1)== 23 (m3)) (p=L=@=9)=>(((P=a)=p)=>(r=>L=>(=09)) =
(((p=q)=p)=((p=>1)=p)))
i H 24 (b =1)=(p= = =q)=p)= =1)=(p= =
and where(mj) marksmodus ponensiith hypotheses num-** (== (=) = (@ B =) o (o) 2 e Sa))
beredi andj. Hilbert systems tend to emphasise the elegance (((r=a)=p)=(p=h)=(p=0)= (b= (p=0) =

(((p=q)=p)=((p=1)=p))))

1) (((p=D=(=q9)=>((p=q9)=p)=((p=L)=>(P=7)))) =
(((p=D=(=9)=((p=9)=p)=((p=L)=Dp)))

(p=L=(@=0)=(((p=9=p)=((p=L1)=p))

of the schematae(g.just (a)—(c) suffice) over the elegance of

23

the proofs generated by the schemata. 2
6 (m3}
o 2
26

1() ((a=D=L)=q 27 (m3}) (p=a)=p)=((p=>L)=>p)
2 (a) (==L =q)=(L=(((¢g=L)=>1L)=q) 28 (a) (p=L)=(((p=L)=(p=L1))=(p=1))
3 (m3) L=((a=D=L)=q) 20 () ((p=D)=(((p=L)=(p=1)=(p=1)) =
4 (b) (L=((g=L=>L=q9)=(L=>((¢g=L)=L1)=(L=4q)) ((p=L)=((p=L) = (p=10) = ((p=L) = (p=1)))
5 (m3) (L=((a=D=>D))=(L=q) 30 (m38) (p=L)=((p=L)=@=L))=((p=>1)=(p=1))
6 (a)  L=((g=1)=1) 31 (a) (=l =((p=L)=(p=1)
7 (m8) L=g 32 (m3}) (p=L=(p=1)
8 (@) (L=g)=(p=(L=q) 33 () (p=D=@=>01)=((r=D=p)=>((p=>L=1)
9 (m%) p=(L=q) 34 (m33) (p=L)=p)=((p=>L)=1)
10 () (p=(L=a)= (=)= (p=q) 35 (o) (p=L)=L)=p
11 (m?o) (p=>L)=(p=q) 36 (a) (((p=L=L)=p)=(((p=L)=p)=((p=L)=1)=p))
12 (a)  ((p=a)=p)=(p=L=>((p=0)=p)) 37 (m33) (p=L)=p)=(((p=>L)=>1)=p)
13 (b) (=)= ((p=a)=p)=(((p=L=>(p=9)=(p=L) =p)) 38 (b) ((p=L=p)=((p=L)=L)=p) =
14 (@)  ((p=L)=(p=0=p)=((p=L=(@=q0)=((p=L)=p)) = (((p=Ly=p)=(rp=L)=L)={(rp=L=r)=Pp)
((p=a)=p)=(((p=L)=>(p=q)=p)) = 39 (m3) (=L =p)=((p=1)=1))=(((p=1)=p)=p)
L. (e=D=G=a)=((@=D=r)) 10 (m3) (p=>L=p)=p
15 (my1) EE(Pi‘JL)?P()é(((ﬁii(-()i(f;iqsz)) = 41 (a) ((p=L)=p)=p)=((r=q) =p)=>((p=L)=p)=p))
r=Ll)=(p=q))=((p=1l)=p 40
16 (p=0>)=>(p=D= (=0 >(p=D=@=a) = 5 pit (PZOTOZ{(EhTnen -

() TS aon S e T sa =) = (=0 =p) = ((r=D) =) = (= 0) = p) =)

4
17 (mld) (=) =p)=>((p=L=((p=a)=p)) = 44 (m%g) (((p=a)=p)=(p=>L)=p)) = ((p=q9) =p)=p)
((p=)=p)={((p=L=(p=q9)=((p=L)=p))) 45 (mzy) ((p=a)=p)=p

colourings/labellings of? andG’ are inherited. Ahomo- 3 Combinatorial proofs

morphismh : G — G’ from G to G’ (either of which may

be coloured or labelled) is a functidn: V(G) — V(G’) Given anA-labelled grapht7, define  p 0
such thabw € E(G) impliesh(v)h(w) € E(G'). Agraph —G as the result of complementirg
(V, E) is acograph(seee.g.[BLS99)) if it has at least one @nd every label of>. For example, if »
vertex and for any distinct, w, z,y € V, the restriction G iS the graph shown right, thenG 7

of E to edges onv,w, z,y} is not {vw, wz, zy}. A set is the graph below left. Defin&/ = G¢' = (-G) Vv &'
W C V(G) induces a matchingf it is non-empty and for Identify each atomz with a single vertex labelled; thus,

allw € W there is a unique’ € W with ww’ € E(G). P 1 having defined operations, v, A
and = on A-labelled graphs, every

Propositions. Fix a set) of variables A propositionis _ propositiony determines a-labelled

any expression generated freely from variables by the bi- ¢ P graph, denoted+(¢). For example,

nary operationand A, or v, andimplies =, the unary op- G((pV—q) A (0Vp)) is above rightZ((gA—p)V (1A—p))
erationnot -, and the constants (nullary operatiotig)e is above left, and+(((p = q) = p) = p) is the first graph
1 andfalse 0. A valuationis a functionf : V — {0,1}. on pagélL.

Write f for the extension of a valuatiofi to propositions A colouring isnice if every colour 7y }@
defined by f(0) = 0, f(1) = 1, f(=¢) = 1—f(¢), class has at most two vertices and no
f(onp)=min{f(¢),f(p)}, f(¢Vp)=max{f($),f(p)}, union of two-vertex colour classes in- l
f(¢=p)=f(pV—¢). A propositions is true if f(¢)=1 duces a matching.A graph homomor- h(@)
for all valuationsf, andfalse otherwise. Variablegp € V phisn? b : G — G’ is askew fibration h(v)\/

and their negationg = —p areliterals; p andp arecom- (see figure right) if for alb € V(G) and vow
plementary as aré) and1. An atomis a literal or constant, h(v)w € E(G’) there existaww € E(G) with h(®)w ¢
and.A denotes the set of atoms. E(G"). Given a graph homomorphisin: G — G’ with G’

1l.e. every colour class has 1 or 2 vertices, andif. . . , c,, are two-vertex colour classes therU- - -Uc,, does not induce a matching.
2Recall that our definition of homomorphism ignores any guesiolouring/labelling of3 or G’.



an A-labelled graph, a vertex € V(G) is self-evidentf Nicely coloured cographs relate to a class of multi-

h(v) is labelledl, and a two-vertex seftv, w} C V(G) is graphs studied in_[RetD3thorded R&B-cographsUnla-

self-evident ifh(v) andh(w) are labelled by complemen-belled chorded R&B-cographs are in bijection with nicely

tary literals. coloured cographs in which every colour class has two ver-
tices.

DEFINITION 1 A combinatorial proofof a propositiorp is

a skew fibratiorh : G — G(¢) from a nicely coloured co- . . L

graphG to the graplt: (¢) of ¢, such that every colour class4 Combinatorial propositionsand truth
of G is self-evident. We begin by recalling more standard material on graphs. A
graphG is completeif E(G) contains every edge possible
G), andG is asubgraphof G/, denotedz C G, if
CV(G') andE(G) C E(G"). A cliqueis a maxi-

mal complete subgraph. A graph is a cograph (defined non-
inductively on pagEl2) iff it is derivable from individual ie
tices by union and join, or equivalently, by union, join and
complement|BLS99%11.3].

Sectior# reformulates this theorem in terms of combina- A combinatorial propositionis an.4-labelled cograph.
torial (non-syntactic, non-inductive) notions proposition The translatiory — G(¢) of a syntactic proposition into a
andtruth. Sectiorlb proves the reformulated theorem.  graph was defined in terms of graph union, join and com-

Notes. The translationp — G(¢) is a well-understood plement, thug{ /(¢ : ¢ is a syntactic propositionis pre-
isely the set of combinatorial propositions.

_translatlon of a poolean formula into a graph, mterpre(i- A 1-cliqueis a{1}-labelled clique. Given a combinato-
ing v and— as union and complement (seq.[CLS81]), . . . !

! " o 2 rial propositionP and a valuatiory : V — {0, 1}, define
and identifies propositions modulo associativity\adind, Pl b laci labet of P by f 0.1} P
double negatiom—¢ = ¢, de Morgan duality-(¢ A p) = . yrep ?C'ng every label o y fla) € .{ 13
(=) V (=) @nd—(6 V p) = (=) A (=p), ande = p — is true if P’/ contains al-clique for all valuationsf, and

! ; o o—o P P

(—¢) V p. Perhaps the earliest graphical representation8is€ otherwise. For example, le? —rkl (Wh"?h_ IS
propositions is due to PeircE[Pei33, vol. 4:2], dating frofd(p=(p A 1))). If f(p)=1thenP/is § 7% containing
the late 1800s. thel-clique $% ;if f(p)=0thenPfis ¢ $~$ containing

A skew fibration is a lax notion of graph fibration. Athel-clique ¢ (the left-most vertex); s@ is true.
graph homomorphisia : G — G’ is agraph fibration (see
e.g.[BVO2)) ifforall v € V(G) andh(v)w € E(G’) there |Lemma 1 A proposition ¢ is true iff its combinatorial
is a uniquevw € E(G) with k(@) = w.2 The definition propositionG(¢) is true.
of skew fibration drops uniqueness and relax@s) =w to

A combinatorial proof of((p = ¢) = p) = p was shown

2 . . onV(
on pagdll. The reader may find it instructive to conS|df7r )
why p A—p has no combinatorial proof. (

THEOREM 1 (SOUNDNESS ANDCOMPLETENESY
A proposition is true iff it has a combinatorial proof.

‘skewnessh(w)w € E(G"). Proof. A routine induction, relegated to the appendix on
In the example of a combinatorial proof drawn opagd®. O
pagell, observe that the image of the colour clas

underh is % ; . Think of the colour class as activelyDEFINITION 2 A combinatorial proofof a combinatorial

pairing an occurrence of a variaklavith an occurrence of propositionP is a skew fibratiorh : G — P from a nicely

its dualp. The idea of pairing dual variable occurrencasoloured cograpli:, such that every colour class 6f is

has arisen independently in the study of various forms séif-evident.

syntax, such as closed categorles [KM71], contractioa-fre

predicate calculu§ [KW84], and linear logic [Gii87]. Thus a combinatorial proof dP is a combinatorial proof of
A partially combinatorial notion of proof for classical? for any choice of syntactic propositignwith P = G(¢).

logic, called aproof net was presented i [Gir91]. Proof8y Lemmall, the following is equivalent to Theordih 1

nets are rather syntactic: a proof net of a propositidras (Soundness and Completeness).

an underlying syntax tree which may contain not only more

A's andV’s than ¢ itself, but also auxiliary syntactic con-THEOREM2 (COMBINATORIAL SOUNDNESS ANDCOM-

nectives which are not even boolean operaticos{raction PLETENESY A combinatorial proposition is true iff it has
andweakening a combinatorial proof.

3This is simply a convenient restatement of the familiar o of fibration in topology[TWhi748] and category theofv [G&)[Gra6b]: a graph
homomorphism is a graph fibratidgifi it satisfies the homotopy lifting property (when viewed agatmuous map by identifying each graph edge with
a copy of the unit intervalff it has all requisite cartesian liftings (when viewed as acfanby identifying each graph with its path category).



5 Proof of Theorem 2 K C h(G) = h1(G1)oha(G2) be al-clique. Ifo = Vv then
K C h;(Gj) for j = 10r2,soh;(Gj) is true; by induction

The diagram right shows the deperg — g Cj is true, henc&' = C v C; is true (since a clique af;

deg?/hbetween_rtfe_rlie_mmgs (1_91 NS is a cligue ofCy v Cs). If o = AthenK = K1 A K> for
an Gi eorems ( h_h )inthis pﬁper@ — B —-TR« 1-cliquesK; C h;(G;), so eaclh;(G;) is true; by induction
Ven a graph homomorphism s eachC; is true, henc& = C; A Cs is true (since a join of

h: G — @, an edgevw € E(G) m
is askew lifting of h(v)w € E(Gr) B 12 T [
atv if h(w)w ¢ E(G"). Thush is a skew fibration iff every LEMMA S Leth - G — P be a skew fibration from a co-

edgeh(v)w € E(G’) has a skew lifting at. _graphG into a combinatorial propositioR. If h(G) is true
The subgraphG[W] induced by W C V(G) is thenp is true.

(W,{vw € E(G) : vyw e W}). Leth: G — H be a

graph homomorphism and &, H' be induced subgraphsProof. Defineh/ : G — P/ by h/(v) = h(v), a skew fi-

of G, H, respectively. Writeh(G’) for the induced sub- bration sinceV’ (P/) = V(P) andE(P') = V(P). Then:

graphH [h(V (G"))] andh~! (H') for the induced subgraphp(G) is true <L n(G)f = n/(G) is true for all valua-

G[h='(V(H'))]. Therestriction /- is the graph homo- igng ¢ Lemd@d  pf i trye for all valuationg’ <&t

( _ < P
morphismh~—!(H') — H' defined byh; (v) = h(v). is true. 0

cligues of theC; is a clique ofC; A C5). ]

LEMMA 2 Leto € {A,V}. If h : G — Hy o Hy is a skew Theemptygraph is the graph with no vertices. A graph is

fibration then both restrictioris i, are skew fibrations.  disconnectedf it is a union of non-empty graphs, acdn-
nectedotherwise. Acomponentis a maximal non-empty

Proof. We prove that ifvw is a skew lifting ofh 7, (v)w = connected subgraph. A graph homomorphismG — H

h(v)w € E(H;) atv with respect toh, thenh(w) € H;; isshallowif »~'(K) has at most one component for every
hencevw is a well defined skew lifting with respecttqy, . componenis of H.

Supposé(w) € H; andj # i. If o=V, sinceh is a ho-

momorphismp(v)h(w) is an edge betweeH; andH, in LEMMA 6 For any combinatorial prodf : G — P there
H, Vv H,, a contradiction; ifo= A, sinceH; A Hs has all exists a shallow combinatorial probf : G — P’ such that
edges betweef{; andH,, h(w)w is an edge, contradicting P is true iff P’ is true.

vw being a skew lifting with respect to.
Proof. Let G4, ..., G, be the components @, and letP’

LEMMA 3 Let h: (GiAGa)V (H1VH;) — (KiAK2)VL be the union of cqpies pr defineld !oyV(P’) =V(P) x
be a skew fibration with(G;) C K; andh(H,) C L. Then 11:---,n} and{v,i)(w, j) € E/(P) iff vw € E(P) and
hi : Gy V H; — K; V L defined byh; (v) = h(v) is a skew & = J» :?md the label ofv, i) in P’ equal to the label of in
fibration. P. Defineh’ : G — P’ onv € V(G;) by R/ (v) = (h(v),i).
SinceP”’ is a union of copies oP, it is true iff P is true (ev-
Proof. Since a graph unioi; V X, has no edges betweerery 1-clique of (P')/ is a copy of al-clique of P/), and
X, and Xy, (@) ifk : X; vV X, — Y is a skew fibra- /' is a combinatorial proof (with skew liftings copied from
tion, so also isk!*: : X; — Y defined byk!¥*:(z) = those ofh). O
k(x), and (b) ifk; : Z; — X; is a skew fibration for
i = 1,2, s0alsoiskiVks : Z1V Zy — X1V Xo
defined by(k1 Vkq)(z) = ki(2) iff z € V(Z;). Since
hi = ((hygonmea)) ;) V ((Ry,) M), by is a skew fibra-
tion by (a), (b) and Lemnid 2.

A setof verticedV C V(G) isaportionof G if uv € E(G)
implies [u € W iff v € W] (i.e, there is no edge between
W andV (G)\W). A fusion of G and H is any graph ob-
tained fromG Vv H by selecting portioné/ of G and W
of H and adding edges between every vertex’adnd ev-

A 01-cographis a{0,1}-labelled cograph (hence a combi€'y vertex of V. Thus union and join are extremal cases

natorial proposition). A)1-cographC' is true iff it contains Of fusion: union withU; W' empty; join withU' = V/(G),

al-clique (sinceC = C for all valuationsf). W = V(H). On coloured graphs, the converse does not
hold: fusion cannot be reduced to union and join. For ex-

LEMMA 4 Leth : G — C be a skew fibration from a co-@mple, the (nicely) coloured cograploe o— O on

graphG into a0l-cographC. If h(G) is true therC' is true. pageD. is a f_usion ofo o and O O, but i; neither a
union nor a join of coloured graphs. For given coloured

Proof. By induction on the number of vertices @. If C' graphsz, G’ whose colourings are the equivalence relations
is a vertex the result is trivial. Otherwige = C; o Cy for ~, ~/, by definitionG v G’ (andG A G") has the colouring

o € {A,V} and01-cographs’;. LetG; = h=1(C;) and ~ U ~/; thus every colour class @f VG’ (andGAG’) is

hi = hyc, : G; — C;, a skew fibration (by Lemnid 2). Letentirely inG or entirely inG'.

4



LEMMA 7 A fusion of nicely coloured cographs is a nicelyProof. We must pronPlf A sz )V Q' contains a-clique
coloured cograph. iff P/vQfandP{ v Qf do, for any assignment (Inter-
pretQ’ as empty ifQ is empty.) IfQ/ contains al-clique
Proof. Let G be the fusion of nicely coloured cograpfis this is trivial; otherwise the result reduces to showing tha
and G obtained by joining portionsV; of G;. Suppose P A PJ contains al-clique iff P/ and P do; this holds
U is a union of two-vertex colour classes@hinducing a because a clique in a joil& A H of graphsG and H is a
matching. LetU; = U N V(G;) andU; = U N W,;. By joinofcliquesinG andH. O
definition of fusion, the only edges i& betweenl; and
U, are betweeil/; andU3, and there are edges between aﬁ
vertices ofU/] and all vertices of/}; thus &) there is at most
one edge betwedt, andU, or else two edges @¥ onU  proof. Leth : G — P be a combinatorial proof. We
would intersect. Sincé&/ is a union of two-vertex colour prove thatP is true by induction on the number of colour
classes, each either Iy or U,, eachU; contains an evencjasses in?. In the base case; is a single colour class.
number of vertices. Therefore, sinBeinduces a matching, |f , < V(@) thenh(v) is a one-vertex clique aP, for if
(1) there must be an even number of edges betweeand 1,(y)w € E(P) then its skew lifting ab is an edge inG,
Us. Together §) and () imply there is no edge betweery contradiction. Leif be a valuation. IfG has one vertex
Uy andUs, hence, for whichevely; is non-empty (perhaps,, by definition of combinatorial proofi(v) is labelled1,
both),U; is a union of two-vertex colour classes inducing genceP/ contains al-clique (2(v)); if G has two vertices
matching inG;, contradicting; being nicely colouredld 4, 4, by definition of combinatorial proof(v) and h(w)
are labelled by complementary literals, heree contains

LEMMA 8 Every nicely coloured cograph with more tha 1-clique (one ofi(v) or h(w)).

one colour class is a fusion of nicely coloured cographs. ~ Induction step.By Lemmadb anfll6, we may assume
h is shallow and surjective. By Lemriih &, is a fusion of

Proof. Let G be a nicely coloured cograph. Sincgis nicely coloured cographis, andcs, obtained front,v Gy

a cograph, its underlying (uncoloured) graph has the fomﬁ joining portionsiV; of G;. If elt_her Wi Is empty th_en
G =G1VGq, hencel : G; — P defined byh/' (v) = h(v) is

(G1 A G2) V (G3 AGa) V...V (Gu1 AGn) vV H where 1V G2, h G~ 1oy’ (v) = h(v

H has no edges. Assume+ 0, otherwise the result is@ combinatorial proof, ané is true by induction hypothe-

trivial. Let G be the graph whose vertices are thg with sis. Otherwise bothV’; are non-empty. LeF; = P[A(W;)].

GG, € E(@) iff there is an edge or colour clags, w} Sincerh is a shallow surjection; A P is a component of

in G with v € V(G;) andw € V(G;) (cf. the proof of The- 4 . ki .
orem 4 in [Ret0B]). Aperfect matchings a set of pair- by hi(v) = h(v), @ combinatorial proof:G; is a nicely

wise disjoint edges whose union contains all vertices.éSin':(:Olou,red cograph, the s.elf—evident _colo_ur class propety i
G is nicely coloured)M — {G1Ga, GsGa, ..., Go1Gr} inherited fromh, andh; is a skew fibration by Lemm@@ 3

(applied after forgetting colourings). By induction hypet
esis,P; V Q is true, hence is true by Lemmalo. O

HEOREM 3 (COMBINATORIAL SOUNDNESS If a com-
inatorial proposition has a combinatorial proof, it isgru

P,sayP = (P, A P;) V Q. Defineh; : G, — P,V Q

is the only perfect matching aff. For if M’ is another
perfect matching, thed/’ \ M determines a set of two-

vertex colour classes i@ whose union induces a matchingryeorem 4 (COMBINATORIAL COMPLETENESY Every
in G: for eachG;G; € M'\ M pick a colour clasgv, w}  true combinatorial proposition has a combinatorial proof.

with v € V(G;) andw € V(Gj). SinceG has a unique . _ iy
perfect matching, som&;G,,, € M is a bridge (see Proof. Let P be a true combinatorial proposition. We con-

[Kot59], or Corollary 2.3 in [Bol78], derived from Hall's struct a combinatorial proof a by induction on the num-

Marriage Theorem and (a proof of) Tutte’s Theoreig, ber of edges irP. In th? basg casé; is.a union of vertice;
(V(@), E(@) \ GiGis1 ) = X VY with G; € V(X) and labelled by atoms. Sinc@ is true, either (a} there exist
Gip1 €V (Y). LetW be the union of all colour classes@f 1+ V2 € V(P) labelled by complementary literals or (b)
coincident with any3; in V' (X), and leti” = V(G) \ W. there exista; € V(P) Ia_beIIedl. LetG comprise a sin-
ThenG[W] and G[W'] are nicely coloured (sincé” and 9!€ colour class{w:, w»} in case (a) andw } in case (b).
W’ are unions of colour classes), afdis the fusion of Defineh : G — P by h(w;) = v;. .
G[W] and G[W'] obtained by joining portiond’ (G;) of Induction step. Since P is a cpgraph W|_th an edge,
G[W] andV (G ) of G[W']. 0 P=(PA Pg) VQ for comblr_1§1tor|al propositions’, P,
and(@ a combinatorial proposition or the empty graph. As-
sume() is empty or false; otherwise by induction there is a
LEMMA 9 Let Pl,PQ be Combinatorial pFOpOSitiOI’IS an%ombinatoria| prooG N Q which we can Compose with
Q a combinatorial proposition or the empty graph. ThgfclusionQ) — P to obtain a combinatorial proof d?, and
(PLAPR)VQ is true iff PV Q andP, v Q are true. we are done. By Lemni@ ®; V Q is true, so by induction



has a combinatorial prodf; : G; — P; vV Q. Let G be References
the fusion ofGG; and G2 obtained by joining the portionsgyoz)

h/l
h:

L(P;)) of G;. By Lemmd¥ G is nicely coloured. Define
G — P by h(v) = hi(v) iff v € V(G;). Thisis a

graph homomorphism: letw € E(G) with v € V(G;)
andw € V(G;); if i =j thenh(v)h(w) € E(P) sinceh;
is @ homomorphism; if # j thenvw arose from fusion, so [BLS99]

h(v) € P; andh(w)

€ Pj, henceh(v)h(w) € E(P) since

P, A P, C P has all edges between tli.

The self-evident colour class property foris inher-

ited from theh;, so it remains to show thdt is a skew

fibration. Letv € V(G) andh(v)w € E(P).
metry, assume € V(Gy).

By sym-
If h(v)w € E(Q) we obtain

the desired skew lifting sinck; is a skew fibration. Oth-

erwiseh(v)w € E(P1 A Py).

Since( is empty or false,

there is a vertex in hz_l(Pg) (by soundness foP, Vv Q,
if Q is non-empty), andxz € F(G) (since fusion joined

the h; (P,

1))- 1 h(z)w

smcehg is a skew fibration and(z)w € E(P;) there ex-
istszy € E(G2) with h(y)w & E(P2). Sincevy € E(G)

(again by fusion), we have the desired skew liftindu6f)w

atv. (See figure below. Notéi(y) = w is possible.)

Appendix: Proof of Lemmal[l

A 01-form is a proposition generated frobrand1 by A and
V. By induction on its number of’s andV’s, a01-form p
is true iff its graphG(p) contains al-clique; for pg A ug
(resp.u1V uo) is true iff 14y is trueand(resp.or) po is true,
and for any graph&’; andG, a clique inG;AG+ is a join of
a clique inG; and a clique inG5, while a clique ofG1V G»
is either a clique inG; or a clique inG2. Thus Lemmadll
holds for 01-forms.

An AV-form is a proposition generated from atoms by

v andA. For anyAv-form 7 and valuationf, let 77 be [deM68]
the01-form obtained fromr by replacing every atora by
f(a) € {0,1}. By a simple inductionr is true iff 7/ is true [Pei33]

for all valuationsf, andG(r/) =

G(7)/. Thus Lemmdll

holds for allAV-forms.

Define thenv-form ¢’ of a propositionp by the obvi-

ous recursiona’ = a for all atomsa, (p<8) = p’' o ¢’ for

o€ {A,V},
(=p)’
simple inductiong’ is true iff ¢ is true, and7(¢’)
Thus Lemmdll holds for all propositions.

(= A0)) = (=p) V (=0), (=(pV0))

A (0), (==0) =0, (p=0) = (-p)'V¥'. Bya

= G(9).
(]

¢ E(P,) we are done; otherwise
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