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Proofs Without Syntax

DowmiNICc J. D. HUGHES

Stanford University —

o

“IM]athematicians care no more for logic than logicians fieathematics.” %

Augustus de Morgan, 1868 o

D

Proofs are traditionally syntactic, inductively genedatdjects. This paper presents an QD

abstract mathematical formulation of propositional chlsypropositional logic) in which .

proofs are combinatorial (graph-theoretic), rather thamactic. It defines aombinatorial 3

proof of a propositiony as a graph homomorphisin: C — G(¢), whereG(¢) is a S

graph associated with andC' is a coloured graph. The main theorem is soundness and S
completenessy is true iff there exists a combinatorial probf C' — G(¢). Qi

9]

, _ _ )

1 Introduction The main theorem of the paper is soundness and cont™+
pleteness: §

In 1868,_ de Morgan lamented thg rjft between mathematics 4 proposition is true iff it has a combinatorial proof. &
and logic [deEMB6B]: [M]athematicians care no more for >

logic than logicians for mathematitsThe dry syntactic AS With conventional syntactic soundness and complete¢p
manipulations of formal logic can be off-putting to mathdless, this theorem matches a universal quantification wit
maticians accustomed to beautiful symmetries, geometridd existential one: a propositiahis true if it evaluates to Q)
and rich layers of structure. Figure 1 shows a syntactiicfor all 0/1 assignments of its variables, amds prov- g
proof in a standard Hilbert system taught to mathematiBle if there existsa proof of¢. However, where conven-
undergraduate§ [HiI28.JoA87]. Although the system itséi@nal completeness provides an inductively generafed
is elegant (just three axiom schemata suffice), the syntad@ctic witness €.g.Figure 1), this theorem provides an ab- &
proofs generated in it need not be. Other syntactic syste¥@ctmathematicalvitness for every true propositioe.g. 3
include [FrI87P Gen35]. the homomorphism drawn above). =.
This paper presents an abstract mathematical formu|a_JUSt three conditions suffice for soundness and Comﬁ
tion of propositional calculus (propositional logic) inigh Pleteness: a graph homomorphismC — G(¢) is a com- 8
proofs are combinatorial (graph-theoretic), rather than s binatorial proof of¢ if (1) C'is a suitable coloured graph,
tactic. It defines @ombinatorial proofof a propositiony ~ (2) the image of each colour class is labelled appropriately™
as a graph homomorphisin: C — G(¢), whereG(¢) is and (3)h is askew fibrationa lax form of graph fibration.
a graph associated with andC' is a coloured graph. ForEach condition can be checked in polynomial time, so com

example, if¢ = ((p=q)=p)=p thenG(¢) is: binatorial proofs constitute a formafoof systenfCR79]. 5
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A combinatorial proof: : C' — G(¢) of ¢ is shown below: 1DMA644.
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2 Notation and terminology

o m
l l \/ Graphs. An edgeon a setV is a two-element subset of
°

V. A graph (V, E) is a finite setl/of verticesand a set
.7. of edges orl. Write V(G) and E(G) for the vertex set and

D D p edge set of a grap®i, respectively, andw for {v, w}. The

4 complemenbf (V, E) is the grapiV, E€) with vw € E€ iff
The upper grapld’ has two colours (whit® and greydE), vw ¢ E. A graph(V, E) is colouredif V' carries an equiv-
and the arrows defink. The same proposition is provedilence relation~ such thatv ~ w only if vw ¢ E; each T
syntactically in Figure 1. equivalence class is@lour class Given a setl, a graph

as 6 paydaooe
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— A syntactic proof of ((p=-¢)=-p)=p inastandard Hilbert system Figure 1—

Below is a proof of Peirce’s law(p = q) = p) = p inastan- is (ni2) (= =p=((r=D=0=0)=(p=1)=p)

dard Hilbert formulation of propositional logic, taughtrmathe- © ®  (r=o=p=((rp=L=(p=a)=(p=1)=p))) =
. . . ((p=a)=p)=((p=L=(=9))=(((p=a)=p)=((p=L)=p)))
matics undergraduatels [JOh87], with axiom schemata 20 (1) (p=a)=p)=(p=D= (=)= (p=0)=p) = (p=1)=p)
21 (a) (p=L)=@=0)=(((p=q9) =p)=>(p=>L)=(p=4q)))
(a) == (y=x) 22 (a) <<<E€(:»q)jp)ﬁ((pﬁ@(ﬁ((p:»q)))):»)(((g)(:»qﬁp)(:»<<p3¢):»p)))
= =1)=(p= = =q)=>p)=> =1)=(p= =
b) (@=@y=2)=(r=y)=(@=2) (=D=n = (oD e
(6 (e=L)=1)== 23 (m3}) (p=D=r=a)= (=) =p)=((p=D)= (=) =
((p=a)=p)=((p=L)=0p)))

and where{m§) marksmodus ponenwith hypotheses numbereds &) (r=bH=w=0)=((r==p=(r=b=0r=q)) =
(((p=g)=p)=((p=L)=p))))=((((p=L)=(p=9) =

iandj. Hilpert systems tgnd to emphasise the elegance of the (D= q) = p) = (p=L) = (D= D)) = (P =L = (p = q)) =
schemata (justa)—(c) suffice) over the elegance of the proofs ,_ ((P=0 == (@=D=r))

((r=L = =)= ((pr=0)=p)=(p=>L=>(p=q)))) =

. 25 (m
generated by the schemata. (Note: there may exist a shértér=? (p=L) = (p=q)) = (((p = q) = p) = ((p L) = p)))

proof of Peirce’s law in this system.) 26 (m3}) (p=D=@=a)=>((p=0)=>p)=>((p=L) =p))
L el 27 (m3}) (p=a)=p)=((p=1)=p)

(& Ug=D=L>a 28 (@) (=D =((p=D) = (p=D0) = (p=1)
2 (@) ((a=D=D=a)= (L= (=D =D =q) 20 (1) (p=D={((p=D) = (p=1) = (p=1) =
3 (md) LI=((a=D=>D=q) (((p=D=((p=L) = (=L = (p=D) = (p=1))
4 (L= (((=D=D=a)= (L= (=D =1) = (L=0q) 30 (m3) (p=) = (pD) = (P 1)0) = ((po>L) > (P> 1))
5 (m})  (L=((@=D=)= (L= 3 (@) (b= ((p=D = (=)
6 (a)6 1=((¢g=L)=1) 32 (mgé) (p=>1) = (p=L)
Tme L= N 33 () (p=D=0=0)=((r=>D=p)=>(rp=D=L1)

(@ =a=m=l=a) 34 (m32) (=D =p)=(p=D=1)
9 (mg) p=>(L=q)
10 1) (o (Loa)=(p=1) = (p=a) 35 () (p=>b=D=p

, . @ a P p=q 36 (@) (p=D=>D=p)=((p=D)=p) = (p=D)=1) =>p))
1 (mio) (p=D= = a) 37 (m3}) (=L =p)={(p=D =L =p)
12 (a) ((p=q)=p)=((p=L)=((p=q)=p)) ;8 (b)% (o) p) o> (Do) > 1) > ) =
13 (b) (p=LH=>p=a9)=p)=((p=>L)=>®=q2)=((p=L)=p)) ‘ (((fpéL):>pp):>((£:>L):>L)):>p(((p:>L):>p):>p))
14 (@ (p=D)= (=0 =p)=> (=D = (=)= ((p=1)=p)) = 4
(p=a)=p)=((p=>LD=(p=q) =p) = 39 (m3%) (p=L)=p)=((p=L)=>1)=>((p=L)=p)=p)
((p=L)=(p=a))=(p=1)=p)))) 40 (m3d) (=L =p)=p
15 (mi}) (p=0=n= (=)= (p=d=m) = 41 (@) (p=D=p)=p)=>((p=0) =p)=(p=L1) =) =p))
p=L)=(p=q)=(p=L=p 42 (m39) (p=a)=p)=>(((p=L)=>p)=

160)  (r=0=n>((p=D=(=0=)=(p=D> =) = 35 o) (F7OTDTLETHTDT0

()il aon S e D T e s g =) = (((r=0)=>p) = (p=1) =) = (r=a) = p) =)

4
17 (m}2) (p=a)=p)= (=D =((p=a)=p)) = 44 (mgé) ((tp=a)=p)=(p=L)=p)=((p=q9) =p)=Dp)
(((p=)=p)=((p=L=(p=9)=((p=L)=p))) 45 (mz4) (p=aq)=p)=>p

is L-labelledif every vertex has an element bfassociated 3 Combinatorial proofs
with it, its label. LetG = (V,F) andG’= (V' E’) be graphs.
A homomorphismh : G — G’ is a functionh : V — V' Given anA-labelled graph’, define-G as P 0
such thabw € E implies h(v)h(w) € E'. If V.andV’ are the result of complementing and every la- g
disjoint, theunion G v G’ is (V UV E U E’) and thgoin bel of G. For example, ifG is the graph p
GAG'is(VUV!EUE U{w':veV, v €V'}); colour- shown right, then-G is the graph below left. Define
ings or labellings of7 andG’ are inherited. AgraplV, E) G = G’ = (—=G) Vv G'. Identify each atonu with a sin-
is acograph[CLS81] if V is non-empty and for any distinctgle vertex labelled:; thus, having defined operations Vv,
v,w,z,y €V, the restriction of£ to edges o{v, w,z,y} A and=- on A-labelled graphs, every propo-
is not {vw, wx, zy}. A setW C V induces a matchingf P L sition ¢ determines amd-labelled graph, de-
it is non-empty and for allo € W there is a uniquay’ € W q P notedG(¢). For example( ((pV—¢)A(0Vp))
’ . . .

such thatvw’ € E. is above right((g A =p) V (L A-p)) is left,
Propositions. Fix a set) of variables A propositionis andG(((p=>¢q) = p) = p) is in the Introduction.
any expression generated freely from variables by the bi- o colouring isnice if every colour o
nary operationand A, or V, andimplies =, the unary op- ¢jass has at most two vertices and no "’
erationnot -, and the constants (nullary operatiots)e | nion of two-vertex colour classes in- l
1 andfalse 0. A valuationis a functionf : V — {0,1}. guces a matching. A graph homomor- "

L - : o . . Al (w)
Write f for the extension of a valuatiofi to propositions phism# : G — G’ is askew fibration A (v)=_
defined by f(0) = 0, f(1) = 1, f(=¢) = 1—f(¢), (seefigure right)if foralb € V(G) and v
f(@Ap)=min{f(¢),f(p)}, f(¢Vp)=max{f(¢),f(p)}, h(v)w € E(G) there existww € E(G) with h(W)w ¢
flo=p)=f((—¢)Vp). Apropositionp istrueif f(¢)=1 E(G’). Given a graph homomorphism: G — G’ with
for all valuationsf. Variablesp € V and their negations G’ an.A-labelled graph, a vertex ¢ V(G) is axiomaticif
p = —p areliterals; p andp aredual, as are) and1. An h(v) is labelledl, and a paifv, w} C V(&) is axiomatic
atomis a literal or constant, and denotes the set of atomsif h(v) andh(w) are labelled by dual literals.
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DEFINITION 1 A combinatorial proof of a propositiony A partially combinatorial notion of proof for classical
is a skew fibratiorh : C — G(¢) from a nicely coloured logic, called aproof net was presented in [Gir91], though
cographC' to the graph=(¢) of ¢, such that every colourpromptly dismissed by the author as overly syntactic: a
class ofC' is axiomatic. proof net of a propositio® has an underlying syntax tree
containing not only\’s and V'’s from ¢, but also auxiliary
syntactic connectives which are not even boolean opeation
?contractionandweakening

Nicely coloured cographs with two vertices in ev-
ery colour class correspond tmlabelled chorded R&B-
cographdRef03]. When labelled, the latter represent proof
nets of mixed multiplicative linear logi€ TGIr87].
Section[¥ reformulates this theorem in terms of combina-

torial (non-syntactic, non-inductive) notions pfoposition 4 Combinatorial propositions and truth
andtruth. Sectior b proves the reformulated theorem.

A combinatorial proof of ((p = ¢) = p) = p is shown
in the Introduction. The reader may find it instructive t
consider whyp A—p has no combinatorial proof.

THEOREM 1 (SOUNDNESS ANDCOMPLETENESY
A proposition is true iff it has a combinatorial proof.

Notes. The mapp — G(¢) is based on a well understood® SetW C V(G) is stableif vw ¢ E(G) for all v,w € W.
translation of a boolean formula into a grapR [CLB81], arfticlauseis a maximal stable set. A clause of drlabelled
double negationn—¢ = ¢, de Morgan duality-(¢ A p) = clauses are true. For examplg,;_{ (=G(p=(pA1)))
(—¢) V (=p) and—(¢ V p) = (—¢) A (—p), and¢ = p = istrue, with true clause§ 3 andy 9.

(—¢) Vv p. Perhaps the earliest graphical representation of

propositions is due to Peirce [P€i58, vol. 4:2], dating frorIﬁEM'vIA 1 A propositiony is true iff its grapht:(¢) is true.

the late 1800s. Proof. Exhaustively apply distributivity V (11 A ¢2) —

A skew fibration is a lax notion of graph fibration. A(f v ¥1) A (6'V ) to ¢ modulo associativity and commu-
graph homomorphist : G — (' is agraph fibration (see tativity of A and v, yielding a conjunctiory’ of syntactic
e.g.[BY0Z)) if for all v € V(G) andh(v)w € E(G') there clauses (disjunctions of atoms). The lemma is immediate
is a uniquev € E(G) with h() = w.? The definition for ¢’ sinceG(¢') is ajoin of clauses, a_rﬂ(@\/(q/)l Ah2))
of skew fibration drops uniqueness and rela@s) =w to 1S true iff G ((6V¥1) A(0V¢2)) is true since for non-empty
‘skewness’h()w ¢ E(G"). graphsG; andGy, a clause o7,V G (resp.G1 A Gs) is a

Combinatorial proofs constitute a formioof system clause of; and (resp. or) a clause 6f. O

[CR79] since correctness can be checked in polynomi@lcombinatorial propositionis an .A-labelled cograph.
time? There is a polynomial-time computable function taksince a graph is a cograph iff it is derivable from individual
ing a propositional sequent calculus proofjolvith n > 0 vertices by union, join and complement[BL$921.3], the
cut rules[Gen35] to a combinatorial proofofvith n cuts  graphG(¢) of any syntactic proposition is a combinato-
a combinatorial proof ob v (61 A =61) V- - -V (6n A =0y)  rial proposition; conversely every combinatorial propiosi
for propositions);. is (isomorphifl to) G(¢) for some.

In the example of a combinatorial proof drawn in the In-
troduction, observe that the image of the colour clas DEFINITION 2 A combinatorial proofof a combinatorial
underf is § 9 . Think of the colour class as activelyPrOPOSition? is a skew fibratior : C' — P from a nicely

pairing an occurrence of a varialievith an occurrence of coloured cograpty whose colour classes are axiomatic.

its dualp. The idea of pairing dual variable occurrencefy,,s 4 combinatorial proof of a syntactic proposition
has arisen in the study of various forms of syntax, such @%ef.0) is a combinatorial proof ofi(¢) (Def.[). By
closed categoneE[KM]lL contractlon-freg predllcatelmal Lemmdl, the following is equivalent to TheorE 1.

lus [KW84] and linear logicl[Gir87]. Combinatorial proofs

relate only superficially to the connection/matrix methobHEOREM 2 (COMBINATORIAL SOUNDNESS ANDCOM-
[Dav71,[Bib74[And81]; the latter fails to provide a proolf’LETENES3 A combinatorial proposition is true iff it has
system[[CR709]. a combinatorial proof.

1Graphs(V, E) and(V'’, E’) are isomorphic if there exists a bijectién: V' — V’ with vw € E iff h(v)h(w) € E'.

2This is simply a convenient restatement of the familiar o of fibration in topology[TWhi748] and category theofy [G&IGra6b]: a graph
homomorphism is a graph fibratidff it satisfies the homotopy lifting property (when viewed agatmuous map by identifying each edge with a copy
of the unit interval)iff it has all requisite cartesian liftings (when viewed as afanby identifying each graph with its path category).

3The skew fibration and axiomatic conditions are clearly poiyial. Checking that a grapfi is a cograph is polynomial by constructing its modular
decomposition tre@'(G) [BLS99], and checking that is nicely coloured is a simple breadth-first searci@).




5 Proof of Theorem 2 LEMMA 5 Leth : G — P be a skew fibration into a com-

The diagram right shows the depengy . g binatorial propositiorP. If h(G) is true thenP s true.

dency between the Lemmas [1-9) \. | .~ Proof.Lemmd® and the definition dfue. O

and Theorems (T1-T4) in this papelg . g — T3~ _ _ _ _
Given a graph homomorphism LS T_heemptygrap.h. is the.graph with no vertices. A graph is

h: G — G, an edgevd € E(G) TEIETIZHTEP— o disconnectedf it is a union of non-empty graphs, acdn-

is askew lifting of h(v)w € E(G") nectedotherwise. Acomponentis a maximal non-empty

atv if h(@)w ¢ E(G"). Thush is a skew fibration iff every connected subgraph. A graph homomorphismG — H

edgeh(v)w € E(G") has a skew lifting ab. is shallowif »~1(K) has at most one component for every

A graphG is asubgraphof G/, denotedG C ¢, if componenis of H.
V(G)CV(G") andE(G)C E(G"). The subgrapld:[WW] of
G induced byW CV(G) is (W, {vw e E(G) : v,weW }).
Leth : G — H be a graph homomorphism and let
and H' be induced subgraphs &f and H, respectively.
Write h(G') for the induced subgrapH [h(V(G'))] and Proof.LetGy, ..., G, be the components &f, and letP’
h~'(H') for the induced subgraph[h~ (V (H'))]. Define be the union of. copies ofP” defined byV' (P’) = V/(P) x
therestrictionh g : h='(H') — H’ by hym(v) = h(v). {1l,...,n} and(v,i)(w,j) € E(P')iff vw € E(P) and

i = j, and the label ofv, i) in P’ equal to the label of in
LEMMA 2 Leto € {A,V}. If h: G — Hy o Hy is a skew P. Definel’ : G — P’ onv € V(G;) byh'(v) = (h(v), ).
fibration then both restrictioris; i, are skew fibrations.  Since P’ is a union of copies of, it is true iff P is true
Proof. We prove that ifui is a skew lifting ofh 7, (v)w = (every clause of*’ contains a clause df; conversely the
h(v)w € E(H;) atv with respect toh, thenh(w) € H,;; union Ofn.COpIe_S of a clause O‘P.IS. a clause of?’), andh’
hencevi is a well-defined skew lifting with respecttgy;,. 1S @ combinatorial proof (skew liftings copied fro). [

Supposeh_(w) € o, gn(y # 1. o=V, sinceh is a ho A subgraphi’ of G is aportionof G if G = G’ v G” for
momorphismp(v)h(w) is an edge betweeH; and H; in . . .
TR . someG”. A fusion of graphsG and H is any graph ob-
H, Vv H,, a contradiction; ifo=A , sinceH; A Hy has all . . . , ,
P . . tained fromG Vv H by selecting portion&’ of G andH' of
edges betweel/; andHs, h(w)w is an edge, contradicting .
PO s . H and adding edges between every vertex;6ind every
vw being a skew lifting with respect th. , ) . o
vertex of H'. Union and join are extremal cases of fusion:
LEMMA 3 Let h: (G1AG2)V(HVH,y) — (K1 AKy)vL unionwithG’, H' empty; join withG’ = G, H' = H. On
be a skew fibration with(G;) C K; andh(H;) C L. Then coloured graphs, fusion does not reduce to union and join:

hi : G;V H; — K;V L defined byh;(v) = h(v) is a skew the coloured cograph0 O—m@ m isafusionofO O
fibration. and @ @, butis not a union or join of coloured graphs

Proof. Since a graph unio; V X, has no edges betweersince we defined a celouring as an equivalence relation).
X, andXa, (8) ifk : X, V X» — Y is a skew fibration, so Henceforth abbreviateicely colouredo nice
also isk! X : X; — Y defined byk!Xi(z) = k(z), and (b)
if k; : Z; — X; is a skew fibration for = 1,2, so also is
k\Vko : Z1VZy — X1V X5 defined by(k1VEs)(2) = k;(z) Proof. Let C be the fusion of nice cograpldg andC’; ob-
iff 2 € V(Z;). Sinceh; = hik, V (hy)'Hi,itis a skew tained by joining portiong’; of C;. Supposé/ is a union
fibration by (a), (b) and Lemnid 2. O of two-vertex colour classes i@ which induces a match-

] o ing. LetU; = UNV(C;) andU; = U N V(C). By
LEMMA 4 If h: G — K is a skew fibration into a cographyefinition of fusion, the only edges ii betweenl/; and
K, then every clause df contains a clause of &). Us are betweert/; andU3, and there are edges between all
Proof. By induction on the number of vertices Ii. The vertices oft/; and all vertices ot/}; thus §) there is at most
base case witli a single vertex is immediate. Otherwisene edge betwedii, andUs,, or else two edges af onU
K = K; ¢ K, for o € {A,V} and cographds;. Let would intersect. Sincé is a union of two-vertex colour
G; = h"Y(K;) andh; = hik, : G; — K;, a skew fi- classes, each either iy, or U,, eachlU; contains an even
bration by Lemm&l2. Lef’ be a clause of. If = A then number of vertices. Therefore, sinBeinduces a matching,
Cis a clause of<; for j = 1 or 2; by inductionC' contains (1) there must be an even number of edges betwgemd
aclausel’ of h;(G;), also a clause of; (G1) A ha(G2) = Us,. Together €) and () imply there is no edge between
h(G). If o = vthenC = C; U C, for clauses”; of K;; by U; andUs,, hence, for whichevel; is non-empty (perhaps
inductionC; contains a claus€’; of h;(G;), soC contains both),U; is a union of two-vertex colour classes inducing a
the clause”] U C) of hi(G1) V ha(G2) = h(G). O matching inC};, contradicting”; being nice. O

LEMMA 6 For any combinatorial prodi : G — P there
exists a shallow combinatorial probf : G — P’ such that
P is true iff P’ is true.

LEMMA 7 A fusion of nice cographs is a nice cograph.



LEMMA 8 Every nice cograph with more than one colour; is a skew fibration by Lemnid 3 (applied after forgetting
class is a fusion of nice cographs. colourings). By induction hypothesi3 Vv @ is true, hence

Proof. Let C be a nice cograph. Sineg is a cograph, its £ IS true by Lemmaio. =

underlying (uncoloured) graph has the fof@; A Cs) V
(C5 ANCy) V...V (Ch_1 A Cy) V H for cographg’; and
H with no edges. Assume # 0, otherwise the result is
trivial. Let G be the graph whose vertices are tfig with  proof. Let P be a true combinatorial proposition. We con-
C;C; € E(G) iff there is an edge or colour clags, w} in  struct a combinatorial proof @P by induction on the num-
C with v € V(C;) andw € V(C;) (cf. the proof of Theo- per of edges inP. In the base cas€(P) is a true clause,
rem 4 in [Ret0B]). Aperfect matchings a set of pairwise so there exist§l’ C V/(P) comprising al-labelled vertex
disjoint edges whose union contains all vertices. Sificegr a pair of vertices labelled with dual literals. Inclusion
is nice, M = {C1Cs, C3C4, ..., C,1Cy }isthe only per- 17— P is a combinatorial proof (viewingV’ as a graph
fect matching ofG:. For if M" is another perfect match-with no edge and a single colour class, and forgetting its
ing, then M’ \ M determines a set of two-vertex coloufapels).
classes irC whose union induces a matchingdh for each Induction step. Since P is a cograph with an edge,
CiCj € M"\ M pick a colour clasgv, w} withv € V(Ci) p = (P, A P,) v Q for combinatorial proposition#; and
andw € V(Cj). SinceG has a unique perfect matchy) 3 combinatorial proposition or the empty graph. Assume
ing, someC.Cy11 € M is a bridge [KotSB[LP86]i.e. () is empty or not true; otherwise by induction there is a
(V(G), E(G) \ CkCry1) = X VY with Cy € V(X) and combinatorial proofC — @ composable with inclusion
Cr+1€V(Y). LetW be the union of all colour classes@f () —. P for a combinatorial proof of?, and we are done.
coincidentwith anyC; in X, and letW” = V/(C)\W. Then By Lemmdd,P; v Q is true, so by induction has a combi-
C[W] andC[W’] are nice (sincéV” and W' are unions of natorial proofh; : C; — P, v Q. LetC be the fusion of;
colour classes), and' is the fusion ofC[W] and C[W’] ~ andC, obtained by joining the portiorts, ' (P;) of C;. By
joining portionsC, of C[W] andCj.1 of C[W’]. U LemmdX,C is nice. Defineh : C — P by h(v) = hi(v)

) ] . iff v € V(C;). Thenh is a graph homomorphism: let
LEMMA 9 Let P and P, be combinatorial propositions,,,, E(C) with v € V(C;) andw € V(C;); if i =j then
and ) a combinatorial proposition or the empty grapih(v)h(w) € B(P) sinceh; is a homomorphism; if # j
Then(Pi A\ Pp)V @Q istrue iff PV Q andP, V@Q are true.  thanqy arose from fusion, sa(v) € P, andh(w) € P;,

Proof. A clause of(P; A P») VQ is a clause of?, v Q or Nenceh(v)h(w) € E(P) sincePy A P, C P has all edges

P,V (@, and vice versa. ) betweenP, andP;. o _
The axiomatic colour class property faris inherited

from the h;, so it remains to show thdt is a skew fibra-
tion. Letv € V(C) andh(v)w € E(P). By symmetry,
assume € V(Cy). Assumeh(v) e V(P;) andw eV (P2),
Proof. Leth : C — P be a combinatorial proof. We showotherwise we immediately obtain a skew lifting bfv)w
P is true by induction on the number of colour classes #incen, is a skew fibration. There is a vertexn h, ' (P,):
C. In the base casé;(C) is a colour class. 1t € V(C) if Q is empty, this is immediate; otherwigg is not true
thenh(v) is in no edge ofP (for if h(v)w € E(P) then andhy g : C; — Q would be a combinatorial proof, con-
a skew lifting atv is an edge irC', a contradiction), hencetradicting soundness. Since fusion joined m—el (P;), we
is in every clausd{ of P. SinceV (C) is axiomatic,K is havevs € E(C). If h(z)w ¢ E(P,) we are done; other-
true. wise sincehs is a skew fibration and(z)w € E(P,) there
Induction step.By Lemmadb anfll6, assuneis shal- existszy € E(Cy) with h(y)w ¢ E(P,). Sincevy € E(C)
low and surjective. By LemmBl & is a fusion of nice (again by fusion), we have the desired skew liftingi6f)w
cograph<’; andC; obtained fromC; v Cs by joining por- atwv. (See figure below. Notk(y) = w is possible.)
tionsC} of C;. If C = C1 Vv Cy thenh/ : C; — P defined
by h'(v) = h(v) is a combinatorial proof, and is true p—
by induction hypothesis. Otherwise ea€his non-empty.
Let P, = h(Cj). SinceCi A C) is a component of” and { l {
h is a shallow surjectionP; A P is a component of,
sayP = (P, A P,) V Q. Defineh; : C; — P,V Q by h(v)
h;(v) = h(v), a combinatorial proofC; is a nice cograph, —— —_—
the axiomatic colour class property is inherited fropand Py P, O

THEOREM4 (COMBINATORIAL COMPLETENESY Every
true combinatorial proposition has a combinatorial proof.

THEOREM 3 (COMBINATORIAL SOUNDNESY If a com-
binatorial proposition has a combinatorial proof, it isdru
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