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Proof Nets for Unit-free Multiplicative-Additive Linear L ogic
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A cornerstone of the theory of proof nets for unit-free nplitia-
tive linear logic (MLL) is the abstract representation of-thee
proofs modulo inessential commutations of rules. The ontykn
extension to additives, based on monomial weights, failsrés
serve this key feature: a host of cut-free monomial proos eah
correspond to the same cut-free proof. Thus the problem df fin
ing a satisfactory notion of proof net for unit-free muligaltive-
additive linear logic (MALL) has remained open since theejnc
tion of linear logic in 1986. We present a new definition of MAL
proof net which remains faithful to the cornerstone of the ML
theory.

1 Introduction

The beautiful theory of proof nets for unit-free multiplica
tive linear logic (MLL) appeared alongside the introduntio
of linear logic [Gir87]. A proof net is an abstract repre-
sentation of a proof: the translation of cut-free proofeint
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proofs into cut-free proof nets, yielding the sought-aftier
stract representations of cut-free proofs modulo inesaent
commutations of rules. We define a cut-free proof net on a
sequent” as a set of linkings o satisfying a geometric
correctness criterion (Definition 1), and prove that a set of
linkings is the translation of a proof if and only it is a proof
net (Theorem 1).

In Section 3 we extend our proof nets to include the cut
rule, and present a notion of cut elimination. Our approach
to cut suffers from the same problem as Girard’s monomial
proof nets: in the presence of cuts, multiple proof nets may
correspond to the same proof. However, from a semantic
point of view {viz. full completeness) the provision of ab-
stract representations of MALL proofs modulo inessential
rule commutations is crucial only in the cut-free setting.
Moreover, our notion of cut elimination is simply defined,
strongly normalising, and yields a category of proof nets in
which & and&@ are product and coproduct.

proof nets identifies proofs modulo inessential commuta- A crisp notion of cut-free MALL proof net is fully mo-
tions of rules. The identifications have since been veri- tivated from a proof-theoretic perspective alone. Howgver
fied as canonical from a semantic perspective, with numer-just as MLL has blossomed through numerous fully com-
ous full completeness results for MLE,g.[AJ94, HO93, plete semantics via cut-free MLL proof nets, hopefully the
Loa94, Tan97, BS96, DHPP99]. Furthermore, the identi- new definition of cut-free proof net presented here will lead
fications correspond to coherences of free star-autonomouso a similar blossoming of MALL. Since cut-free mono-
categories [BCST96]. mial proof nets for MALL are unsatisfactory for the reasons
The problem of finding a satisfactory extension of the mentioned earlier (and detailed in Section 4.1), any MALL
theory of proof nets to unit-free multiplicative-additilie- full completeness resdlbased on theme(g.[AM99], and
ear logic (MALL) has remained open since the inception of the work in progress of Blute, Hamano and Scott on hy-
linear logic [Gir87]. Progress towards a solution was made percoherence spaces) suffers accordingly, particulaitly w
by Girard [Gir96] with a notion of MALL proof net based regard to faithfulness. We anticipate that our new definitio
on monomial weights. Unfortunately, monomial proof nets of MALL proof net will yield cleaner and more accessible
fail to extend the MLL theory faithfully: a single cut-free  MALL full completeness results.
proof may correspond to a host of monomial proof nets, and
there is no natural translation of cut-free proofs into mono Relationship with Girard’s monomial proof nets. The
mial proof nets. Indeed, to quote Girard, monomial proof technical starting point for our definition of proof net was
nets are “far from being absolutely satisfactory” [Gir96]. Girard’s definition of monomial proof net [Gir96], and in-
We illustrate the problems in detail in Section 4.1. deed we employ variants of Girard’s ingenious notions of
In this paper we propose a new notion of MALL proof slice and jump. Each of our proof nets translates natu-
net (Section 2) which adheres faithfully to the original MLL
theory: we provide a simple inductive translation of cugefr

1The original motivation for this work came as part of a projeg the
first author, Gordon Plotkin and Vaughan Pratt aiming to rectthe full
completeness of Chu spaces for MLL [DHPP99] to MALL. We haves
discovered that the result does not extend.

*A preliminary version of some of the material in this papesveae-
sented in a talk at the workshdyinear Logic 2002Copenhagen.



rally into a non-monomial Girard proof netg., a Girard x

1
proof net without the condition demanding that weights ik
must be monomials. Thus one of our contributions rela- — e R ax P.Ptag @1 p pL ax
tive to [Gir96] is the successful elimination of the monomia b P PP (I I
condition. In [Gir96] Girard remarks that he had been try- — = @ PP, PY PraQ ®
ing to circumvent this technical limitation since 1990, and P®P, P+ P+ A
Appendix A.1.5 of [Gir96] lists three specific problems that R — &
must be solved in any attempt to eliminate the monomial P®EL7 P& (P aQ)

condition,i.e., in any attempt to define what he calls “more

. N %
liberal proof-nets”, such as ours:

—F—— 1
(PRP)®PL P& (Pa®Q)
Weights must be monomials. However, weights of the [— |
form p U ¢ will naturally occur if we want to allow
more superimpositions. The present state of affairs is Figure 1. Example of the inductive translation

as follows: of a cut-free proof into a cut-free proof net.

(1) in spite of years of efforts, | never succeeded in
finding the right correctness criterion for these

. . 1
more liberal proof-nets; T o % cut
(2) general boolean coefficients might be delicate to ’ ’
represent (on the other hand, the case we con- A B,A T, A B
sider has a natural presentation in terms of co- [LA®B,A T, A%B gl
herent spaces);
3 lization in the full ight b L4 LB F’B& L4 & LB )
(3) normalization in the full case might be messy. T.ALD T AGB T AGE 2
An important stepping stone towards finding the right cri- Here, and throughout this documenk, @Q,... range

terion to address (1) was to first settle the open problem ofover propositional variables4, B, ... over formulas, and
whether Girard’s criterion becomes insufficient uponrelax I',A,... over sets of formula occurrences. In eliminating
ing the monomial condition. We show that this is indeed the permutation rule, we assume an implicit tracking of for-
the case: in Section 4.2 we present a non-monomial proofmula occurrences above the line of a rule to formula oc-
structure that does not correspond to any proof, yet satisfie currences below the line. Without loss of generality (see
Girard's criterion. We address (2) by leaving weights im- [Gir87]) we restrict the axiom rule to literals.
plied, defining a proof net on a sequéhas a set of axiom
linkings on an extensioR™ of I with complementary pairs ~ Flavour of our approach. To give a flavour of our ap-
of cut formula occurrences. Point (3) is addressed by theProach, Figure 1 shows an example of the inductive transla-
fact that our definition of cut elimination is sufficientlynsi ~ tion of a cut-free proof into one of our proof nets. The con-
ple that confluence and strong normalisation are immediate cluding proof net consists of two linkings, one drawn above
The proof that our correctness criterion captures proof the sequent, the other below. Each contains two axiom
translations hinges on an ordering &fs and %8’s which links. The proof nets further up in the derivation have one
we call domination By introducing domination we avoid ~ Of two linkings, correspondingly above and/or below the se-
the use of empires [Gir87, Gir96], thereby sidestepping the quent. Had we switched the order of the right-hand tensor
problem of stability of maximal empires ([Gir96], section rule and the plus rule, we would have obtained exactly the
1.5.3)—the main technical problem that led Girard to resort Same pair of linkings; thus we identify cut-free proofs mod-

to monomials in the first place. ulo a commutation of rules. Two additional translations are
shown in Figure 2.
MALL. By MALL we mean multiplicative-additive lin- Here is an example of a proof net with four linkings:
ear logic without units [Gir87]. Formulas are built from lit | | o
erals (propositional variableB, @, ... and their negations P&P, Q&Q, (Q*®P o ((RBR)Z (R ®R™Y))
P, Q*,..) by the binary connectiveensor ®, par %, | | | |
: i 1 H — —
with & andplus®. Negation(—)-- extends to arbitrary for- PLP, QLO. (O ©PY)a(RRR)F(R-©RY)

mulas by de Morgan duality. For technical convenience we
take sequents to be unordered, a sequentis a non-empty |

| [ —

|
set of formula occurrences, , . . ., A,,. We omit turnstiles, P&P, Q&Q, (QT®PH)®((RBR)B (R ®R"))
which are redundant since all sequents are right-sided. Se- I l I l
guents are proved using the following rules: P&P, Q&Q, (Q*®P )& ((RBR)X (R ®R™))
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Figure 2. Deriving the proof nets used in the example of cut el imination.

(To aid presentation, we duplicated the underlying sequent This new proof net has two linkings, one drawn above the
Our proof nets can be encoded compactly as collections ofsequent and one drawn beldwEach linking consists of
axiom links labelled with predicates (‘weights’). For exam three axiom links. Cut elimination proceeds as follows:

ple, the four-linking proof net above can be represented as

follows: Pt [P®P].--[P+&P) P®((CTMQL)@(R£%L))
p pPAg l
P&pP Q &qQ (QJ_ ® PJ_) ® ((R@R) oy (RJ_ ®RL)) PJ_ [P] """" [PJ_] P®((Q78QL)®(R7?RL))
‘ L J S !
q pVQ
7 PVa Pt P2 ((QBQY) @ (RIRL))

To distinguish the's, we have subscripted them. Evely The first step, aside from eliminating tieand & to leave
assignment (assignment of ‘left’ or ‘right’ to eaché&f, and a cut pair of literals/P] - - - [P*], retains only one of the
&) determines a linking as follows: delete each axiom link two original linkings. The underhanging linking is deleted
whose predicate does not hold, where we reéesp.p) as because it is ‘inconsistent’: it chooses opposite argument
“&, is assigned ‘left’ (resp. ‘right’)” (ang; analogously). ~ for the cut® and & (left and right, respectively). This is
The reader can check that taking each of the four possiblean instance of our general rule for additive eliminatioex:
&-assignments in turn produces the four original linkings. tain precisely the consistent linkingthose which choose

We sketch the idea behind our approach to cut elimina-the same argument for the cgit and & (in the example
tion with an example. Consider the proof nets derived in above, the upper linking, which chooses left for both). The
Figure 2. Viewing MALL formulas as objesand a proof ~ second step is the usual MLL elimination of a cut pair of lit-
net onA', B as a morphismi — B, the left proof netis  €rals, which we include in order to frame the example in a
a morphismP — P& P and the right proof net is a mor-  familiar context. Note that the end result really is a ceefr
phismP&P — P® ((QBQL)&(RFRY)). Composition, proof net,i.e, the translation of a cut-free proof: its witness
yielding a morphisnP — P @ ((Q3Q*) @ (RZR")), in is a subproof (_)f the right-hand proof of Figure 2 (the left
other words, a proof net on the sequétit, Po((Q3Q)® branch of the finak:-rule).
(R%?Rl)), proceeds as follows. First, we concatenate the
two sequents into a combined sequent of four formulas2 Cut-free MALL proof nets
(omitting commas):

In this section we introduce our definition of cut-free MALL

Pt [P@P]--- [P &PY]  PR((QFQY)®(RTRY)) proof net. As araide némoirewe provide a summary of the
Gdefinition in the box ahead. We treat cut in Section 3.

An additive resolutionof a MALL sequentl” is any re-
sult of deleting one argument subtree of every additive con-
nective ¢ or @) of I'. Thus every remaining and® is

The cut formulas are annotated with square brackets, an
the dotted line represents the cut. Next, we merge the two
original proof nets into a proof net on the combined sequent:

1 1 1 1 1
P [P&P]--- [P &P Po((QFQ)®(RBRY)) 3The link of the original proof net o, P& P appears in both the
upper linking and the lower linking of the new proof net; itdaplicated
2The example should be accessible to readers with no knoesleflg in the merging process, to match the fact that the other prebhad two
category theory: focus on the underlying cut elimination. linkings.
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Figure 3. The inductive translation of cut-free
MALL proofs into sets of linkings.

were presented in Figures 1 and 2. Note that if a cut-free
proofII’ can be obtained frofi by a series of rule commu-
tations, therdI andII’ translate to the same set of linkings.

Geometric characterisation of proof translations. We
present a geometric characterisation of those sets ohljski
that arise as the translations of cut-free MALL proofs, and
call themproof nets Analogous to [Gir96], as a stepping
stone to the definition of a proof net, we introduce the less
restrictive notion of groof structure

A &-resolutionI™ of a sequent’ is any result of delet-
ing one argument subtree of evelyof I". A linking A on
T'ison I if every literal occurrence ok is in I'*. A set of

unary. For example, two of 12 possible additive resolutions linkings 6 onT" is aproof structureonT if it satisfies

of the sequent
Lo (QePh), (P&P)®(ROR), (R*®@R)ZR*
are
Kaolort), (PLRI@(ROK], (R*@R)BR*
Pro(OCK, (REP)@(K®R), (R*®R)3R*

Let I'* be an additive resolution df. An axiom link on
I is a pair of complementary literal occurrenced6f A
linking on I'* is a partitioning of the set of literal occur-
rences ofl™* into axiom links,i.e., a set of disjoint axiom
links whose union contains every literal occurrencé of

(P1) For every& -resolutionT'* of T', exactly one linking
ofgisonT*.*

We invite the reader to verify (P1) for the sets of linkings
in Figures 1 and 2. Any proof structure can be represented
compactly as a set of axiom links labelled with predicates
(‘weights), using the encoding described on the third page
of the Introduction. In Section 4 we relate our proof struc-
tures to those of Girard.

The second requirement for a set of linkifgj$o be a
proof net is “pointwise MLL correctness”:

For example, there are two linkings possible on the first of (P2) Every linking of induces an MLL proof net.

the two additive resolutions depicted above:
}%@M@P% (P&R) & ( R@ﬁi R'@
}%@M@Pl (P&R)®( R@)xi RL®R)7?RL

Every additive resolutio™ of I" induces an MLL se-
guent, namely by collapsing its additive connectives, Whic
are unary inl**. A linking A on I'*, viewed as being on
the induced MLL sequent, is exactly an MLL proof struc-
ture in the standard sense [Gir87], which we call kel
proof structure induced by\. For example, the MLL proof
structure induced by the first of the two linkings above is:

7?Rl

[ 1 [ 1 [ 1
PL, P®R, (R*®R)BR*

A linking on a MALL sequent is a linking on an addi-
tive resolution ofl’. Write I | A for the additive resolution
associated with a linking. Every cut-free MALL proof
of I" defines a set of linkings ofi by a simple induction,
as in Figure 3, wheré@ > T is the judgementf is a set
of linkings onI™. (We use the implicit tracking of literal
occurrences downwards through rules.) The base sase
is a singleton set of linkings whose only linking comprises
a single axiom link, betwee® and P-. Examples of the
inductive translation of cut-free proofs into sets of limis

In other words, for each linking € 6, the MLL proof struc-
ture induced by\ is an MLL proof net, in the usual sense
[Gir87, DR89]. To be self-contained, we characterise (P2)
explicitly below.

Henceforth view a sequehtas a graph: a disjoint union
of parse trees, with literals above. For a linkingnT" ob-
tain thegraph G, of A from the additive resolutioi [ A (a
subgraph of") by adding each axiom link of \ as a vertex
abovel | A\, with edges fromu down to its two literal oc-
currences. Awitchingof a linking A onT" is any subgraph
of G, obtained by deleting one of the two argument edges
of each?-vertex. (P2) holds if and only if every switching
of every linking ofé is a tree (acyclic and connected).

We require some auxiliary concepts to state our third and
last requirement for a set of linkings to be a proof net. A
set of linkingsA togglesa &-occurrencew of I' if both
arguments ofv are present i), ., I' [ A. An axiom link
a depends onw within A if, within A, a can be made to
vanish by togglingw alone: there are,, \’ € A such that
a€ N, ag XN, andw is the only& toggled by{\, \'}.

4Therefore a proof structure ol is a maximal clique in the coher-
ence space of linkings ofi with incoherence\ <\’ iff there exists a&-
resolution™ of I" such that both\ and\’ are onl"*.



—— Definition of cut-free MALL proof net

aide nemoire—

Axiom link: pair of complementary literal occurrences.

Switching of a linking A: any subgraph ofj, obtained by de

A set of linkingsé is aproof netif it satisfies
(P1) For evenk:-resolutionl™ of I, exactly one linking of)

Additive resolutionof I': any result of deleting one argument subtree of edergr @ of I'. (&-resolutionanalogously.)

Linking A onT': partitioning of the set of literal occurrences in an adaitiesolutior” [ A of I into axiom links.

GraphGy: I'[ A + A + edges from each axiom link ikto its two literal occurrences ifi | A.

A set of linkingsA togglesa &-occurrencev of I if both arguments ofv are presentifJ, ., T'[ .

An axiom linka depends onw within A if 3\, ) € A suchthat € A\, a ¢ X, andw is the only& toggled by{ ), \'}.
GraphGa: [Jyea 92 +Jjump edges between each axiom linkAnand any& on which it depends withir.

Switch edgeof a &- or Z¥-vertexx in G, : any argument or jump edge of

Switching cycleof A: a (non self-intersecting) cycle i, containing at most one switch edge of edeland?.

(P2) Every switching of every linking df is a tree (acyclic and connected).
(P3) Every set\ of two or more linkings of) toggles a& that is not in any switching cycle of.°

leting one of the two argument edges of 8auhrtex.

isonI™,

ExaMPLE 1 Consider the two linkings
A1 —

L. Pre@erh), (PEP)s(

Here are\; and )\, on their respective additive resolutions:

| 1 I 1
ROR), (R"®R)®R™*

S A

AR e (e P, (P&}l{)@(l%@){ﬁ, (ll?,l<§§>J~I‘z)?81|-‘zL
e PR, (e

Let w be the& of the sequent, and let = {1, \2}. The
axiom link between the left-mos®* and the left-mosi?
depends onw within A: it is present in\; € A but not in
A2 €A, andw is the only& toggled by{ A1, A2 }. The axiom
link between the right-mos® and R+ does not depend on
w within A, since it is present in both; and ;. It is the
only one of the 5 axiom links ith (more precisely, it J A)
that does not depend anwithin A.

We now extend the definition of the graph of a linking to
the graph of a set of linkings. Given a sebf linkings on

I, obtain thegraph G, of A from  J,., G by adding, for
every &-vertexw and every axiom links depending onv
within A, an edge betweem anda. Each edge of the latter
form, between &:-vertexw and an axiom link, is called a
jump of w. Figure 4 showgj,, »,; for A\; and ), of Ex-
ample 1, with four jumps (the curved edges). In drawing
an axiom linkm, we view the horizontal section as a ver-

|
| | |
Rt R Rt

N/
g
AN
B

L
\69

Figure 4. The graph Gy, »,; of Example 1.
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A switch edgeof a &- or #¥-vertexz of G is an edge
between: and one of its arguments, or a jumpofif x is
a &). A switching cycleof a set of linkingsA is a cycle in
Ga containing at most one switch edge of edehand%.
(We do not permit a cycle to intersect itself.) For example,
in G¢a,,a,) Of Figure 4, the cycle & — ® — @ — left-
R — left-{R, R} ™™, &” contains only one switch edge
of the &, and is therefore a switching cycle o&;, A2} of
Example 1.

DEFINITION 1 A setf of linkings on a MALL sequertt is

acut-free proof netif it satisfies (P1), (P2)and:

(P3) Every setA of two or more linkings of) toggles a&
that is not in any switching cycle df.%

ExXAMPLE 2 The set of linkingg A1, A2} of Example 1 is
not a proof net. It fails (P3) sincg, ,, (Figure 4) con-

tex, and the two verticals as edges. We overlap edges fronfains a switching cycle through tie.

axiom links coming down into the same literal occurrence
(i.e, 1 meansil). There is no jump to the right-most ax-
iom link, since it does not depend on tkewithin {1, A2 }.
Note that if A C A’, theng, is a subgraph of,, and that
forany linking A, Gy, is preciselyG, defined on the previ-
ous page.{;,; has no jumps, since na is toggled.)

5By dropping connectedness from (P2) we obtain a cut-freefpret
for MALL with the mix rule (hypothese§ and A, conclusionl”, A).

6In fact, one need only verify (P3) for thoske which aresaturated
namely, such that any strictly larger subsetabggles more&’s thanA.
Note that there is exactly one saturated set of linkingsfior eachpartial
&-resolution of T, the latter being any result of deleting one argument
subtree of some of th&’s of T



0> QT A

0 > (] AL A

{rrog s P

DUN A eONef] > [0, Ax AL T,A™M™

6> [QrA4 0> [SQ B 0> [QT,A 0 > [V] B,A
U0 > 3,0, T,ALB AUN e Nebd} > QU T,A®B,A
6o QT4 6o QB 0> [T AB

0> [Q T, ApB ' 0> [Q T, A0B ° 0 > Q) T,ANB

Figure 5. Rules for deriving sequentialisable sets of linki

ExAMPLE 3 Consider the pair of linkings on the sequent
I' = P &P+, P@ P obtained as follows:

ax

ax

1
PL,P P 7P
D2 D1
1 L
PJ_7P@P P 7PGBP
&
1
P& Pt PeP
[

Let A\, and ) be the upper- and lower linking respectively
(each having just one axiom link). We shall verify that
{\1, A2} is a cut-free proof netl’ has twoé&:-resolutions,
It = PLeRE PopPandly = XK&PL PaP. (P1)
holds, since{A1, A2} contains exactly one linking ob?,
namely)\;. Here are the grapi,,, G.,, andGyy, ,):

P P gx
N\ / :
& @
1
Pt P gx
/ N\ ?
& &
pt | pt P P
NI/ \ / Gra.0a)
& &

Each\; has just one switching, namefy,,. Since each
Gy, is atree, (P2) holds. Finally, (P3) holds since, A2}
toggles the&, and the& is not in any switching cycle of

{1, A2}

THEOREM1 A set of linkings is the translation of a cut-
free proof iff it is a cut-free proof net.

By a simple induction, the translation of a cut-free proof is

a cut-free proof net. The proof of the converse reduces to

a simple induction on the number &fs and&’s, once we
prove theSeparation Lemmafor any cut-free proof net,

ngs on MALL cut sequents.

if Go has a% or &, then it has a% or & that separates.
Here a%- or &-vertexa separatesf it is not an argument
(i.e., is an outermost connective), or it is the argumenyj of
and deleting the edge betweerandy disconnectgj,. We
prove the Separation Lemma via an orderingéls and
%’s which we calldominatiori, a concept reminiscent of
the ordering induced by the notion of ampireof [Gir96],

but different in an essential way. The details are in the full
paper. The proofin the casewmfx (see footnote 5) requires
only minor changes.

3 Cut

A cutis apair{ A, A+} of complementary MALL formulas.
We write Ax A+ for {A, A+}, and treatd A+ akin to a
MALL formula, referring tox as thecut connective (In

the cut elimination example in the Introduction we drew a
cut Ax A+ informally as[A] - - - [A1].) A cut sequenis a
non-empty set of occurrences of MALL formulas and cuts.
A cut-additive resolutionof a cut sequeni\ is any result

of deleting some cuts from\ and one argument subtree of
every remaining additive connectiv& (or ¢). Thus every
remaining& and® is unary. For example, here is a cut
sequent followed by one of its cut-additive resolutions:

P®P, QxQ", P oQ, (R®S)* (R &S™)

PP, R, PH i (Ko s) (R &X)

An axiom link on a cut-additive resolutioA* of a cut se-
guentA is a pair of complementary literal occurrences of
A*. Alinking on A* is a partitioning of the literal occur-
rences ofA* into axiom links,i.e., a set of disjoint axiom
links on A* whose union contains every literal occurrence
of A*. A linking on A is a linking on a cut-additive reso-
lution of A. We write A [ X for the cut-additive resolution
associated with a linking.

Write [Q] T for the cut sequent obtained by taking the
disjoint union of a sef of cut occurrences and a MALL
sequenf. A set of linkings on[Q] T is sequentialisable
if it can be derived from the rules in Figure 5, in which
6 > [Q] T is the judgement is a sequentialisable set of
linkings on the cut sequef2] I"". (We once again use the

“Unrelated to domination in flowgraphs.



e — T T proof translations, such as
P, P+ P, Pt by bp 1 —
at — — POP, Pr«P, PT &P
P Plup Pt P, Pt«p, P+
’ ’ = = . Moreover, under this convention two proofs that differ only

in a commutation ofut and& -rules would be translated to
different sets of linkings.

Note that the alternative of taking maximal {.e., “su-
perimpose as many cuts as possible”) does not define a

1 1
P, Pt«P, I—I’l*j?, PL&JIDL

ax ax ax ax

ppL P pL P pt P, P+ canonical function from proofs to sets of linkings, since
) ) . . e .
cut cut there may be a choice of how to make the identifications.
1 1 P pt«p pt The following two & -rules illustrate such a choice.
P, Pt«P, P ) ) .
1 1 1
P’_‘PL*P’_}Dl&PL P, PJ‘*P, PJ_*P7 pPL P, P~xP, P~xP, P
U ’ &

1 1 1
_ _ P, PL«P, PLxP PL&P+
Figure 6. Examples of the translation of a — — —

proof with cuts. — — — " " "
P, ptsp, pap, pt A2 TR D .
implicit tracking of literal occurrences downwards thréu 1 1 1
P 9 9 P, PL«pP Pt«p PL&PtL

rules.) The base case s a single linking with a single ax-
iom link and no cuts. Figure 6 shows two examples. Each
of the conclusions is a set of two linkings, one drawn above Girard was aware of this issue in the context of monomial
the cut sequent and one drawn below. The only differenceproof nets; see Appendix A.1.6 of [Gir96].

between the derivations is the firfatrule. The left applica-

tion keeps the cuts in the hypotheses separate (an instanc&eometric characterisation of sequentialisability.  In

of the &-rule taking® empty andQ = Q' = P+« P), the presence of cut, we update all the auxiliary definitions
whereas the right application superimposes the two cutsof Section 2 §-resolution,G,, switching cycleetc) by
(X = Pt PandQ, Q empty). substituting “cut sequent” for “sequent” and “cut-additiv

Any derivation of a set of linkings using the rules of Fig- resolution” for “additive resolution” throughout.
ure 5 projects in an obvious way to a MALL proof, namely, o ]
by restricting to the underlying sequentsz(, readI" for DEFINITION 2 A sett of linkings on a cut sequeit is a
6 > [Q] T). For example, the two derivations of Figure 6 Proof netif:
each yield the same MALL proof aP, P+ & P+. (PO) At least one literal occurrence of every cut igifi.e.,
Write IT ~ 6 if 11 is the MALL proof obtained from a in some axiom link of some linking d).
derivation of a set of linking8, and say thall is asequen-
tialisation of #. If a MALL proof IT' can be obtained from
II by a series of rule commutations in which &orules are
moved upwards, theli andII’ are sequentialisations of the  (P2) Every switching of every linking of is a tree (acyclic
same set of linkings. In the cut-free case,is a function and connected).
from proofs to sets of linkings, exactly the translation de- oo
fined in Figure 3. In the presence of cuts, more than one sefP3) Ever_y setA_ of two or more linkings ob toggles ak
of linkings may correspond to the same proof. For example,  thatis notin any switching cycle of.
since the two derivations in Figure 6 have the same under-g js aproof structureif it satisfies (P0) and (P1).
lying MALL proof (say II), the concluding sets of linkings
(sayd and¢’) have a common sequentialisatio: ~~ 6,

~ !/ /
[T~ ¢, andf 7 ¢". . THEOREM 2 (SEQUENTIALISATION) A set of linkings is
We can of course extend the cut-free translation of proofs sequentialisable iff it is a proof net.

by always choosing. to be empty in th&:-rule (.e., “never

superimpose cuts”). However, our notion of proof net de- The proof is essentially the same as the proof of Theorem 1,
fined below, which characterises sequentialisability,sdoe the cut connective is akin to an outermosb.

not charqcterise the.image of this trapslgtion, since there sy gropping connectedness, we obtain a proof net for MALL-aug
would exist sequentialisable sets of linkings that are not mented by thaiix rule.

(P1) For every& -resolutionA* of A, exactly one linking
of 0 is onA*,

Note that (P1)—(P3) are inherited from the cut-free case.




id tw tw tw

P,Q,QteP*t A P,Q,QteP*t A P,Q,QtePt A P,Q,QteP*t A

t t t t
P,Q,(Q+tert)A P,Q,(QteorPhA P,Q,(Q+tert)pA P,Q,(Q+tert)A
q q
P,Q&Q,(Q+®PLH)®A P,Q&Q,(Q+®PH)®A
p

P&P,Q&Q, (QTePH®A
Figure 7. The proof I,,,. (We omit the unique cut-free proof ét, Q, Q@+ ® P+))

Cut elimination. Let 6§ be a set of linkings on the cut se- of A. This category has the structure of a star-autonomous
quentA, and let4 x A be a cut ofA. Define theelimina- category minus the unitg; is product, andp is coproduct.
tion of Ax A+ as follows.

e If Ais a literal, deleted x A+ from A, and replace 4  Girard's monomial proof nets

any pair of axiom links{l, A}, {A*,1'} in a linking
of # (I and!’ being other occurrences of+ and A
respectively) with the axiom linki, ’}.

o If A=A, ® Ay andA+ = A{ A (orvice versa), 4.1 Monomial proof nets are unsatisfactory
1 H 1 1
replaced » A~ with wo cutsA; « Aj andA> A3 \we give a detailed account of how monomial proof nets

Retain all the original linkings. _ [Gir96] fail to provide abstract representations of cugefr
o If A= A &A; andA*+ = Af @ Ay (or vice versa)  MALL proofs modulo inessential commutations of rules. A

In this section we relate our MALL proof nets to the mono-
mial proof nets of Girard [Gir96].

replaced » A with two cuts A; = Af- and A; + Ay . single cut-free proof may correspond to a host of monomial
Retain precisely the ‘consistent’ linkings: delete any proof nets, and there is no natural translation of cut-free
linkings A such that inA [ A the (now unaryX: ands MALL proofs into monomial proof nets. (The reader un-

take opposite argumentse, such that the right argu-  familiar with monomial proof nets should be able to follow
ment of the& is in A [ A and the left argument of the  the general shape of the argument.)

@isin AT, orvice versa). Finally, ‘garbage collect’ Consider the following pair of cut-free monomial proof
by deletingA; = A:- if no literal occurrence ofd; x A;- nets: _
is in any of the remaining linkings. p‘ p,—“ ‘,—| q ‘ 7
An example of cut elimination was presented in the Intro- P P Pt Q- Q Q
duction. \ / N\ / \ /
&p ® &q
PROPOSITION] Eliminating a cut from a proof net yields | | |
a proof net. P&P  PteQt  QLQ
Proposition 1 is proved in the full version of this paper. Ps
Pq1 Pq2
THEOREM 3 Cut elimination of proof nets is strongly nor- ‘ Pqy — “ M‘ ‘pﬁl
malising. P pea
p P P QT Q@ @ @ @
Proof. Confluence is immediate from the definition; cut \ \ / \ / \ /
elimination reduces the size of the cut sequent, and isthere &p ® &gy &gy
fore strongly normalising. O | | N
P&P P-oQt R&Q

A category of proof nets. Our cut elimination allows  (Eigenvariables associated wiik’s are shown as sub-

us to define a category of MALL proof nets. Objects scripts; we omit implied weights.) These two monomial
are MALL formulas, and a morphismd — B is a cut- proof nets correspond to the same proof. The second mono-
free proof net on the sequedt-, B. The composition of  mial proof net has two forms of redundancy relative to the
6 : A— Band¢ : B — Cis the normal form of the first: (i) the & with eigenweighy; has been replaced by two
proof net{\U X : X\ € ,\ € ¢} on AL, B+ B+, C. similar ‘copies’, and (ii) the axiom link of weighthas been
Composition is associative, since cut elimination is ggign  split into two.

normalising. The identityd — A contains a linking\ on Even if one attempts to fix a choice of representation
AL, Aiff X matches the™ literal of A+ with thei'" literal (e.g.favouring the first monomial proof net above over the



Do AN p3 A Dy

P2 VP3Vpa ‘
[ |

|
iy Ry R{

Q\\/Q \/
P \/
\/
/NS \/
P \/

\/

p1 Ap2 Ap3

|
Q1

P1VDPa VD3
[ |
Ry Ri

®

Figure 8. Girard’s correctness criterion is insufficient wi

monomial Girard proof net is not sequentialisable.

second), one still runs into difficulty. As a concrete illus-
tration, we exhibit cut-free proofd, and monomial proof
netség for which the binary relation of sequentialisation is

Htpq thp

" AN 2
q Pq eﬁﬁ,pﬁ-ﬁq p Pq

Definell,,, to be the proof shown in Figure 7, whede=
(R® R) % (R+® R1), id denotes the identity proof and
denotes the twist proof. Lét,,, be the result of commuting
rulesq andp in Il;,, letI1,, be the result of commuting
t andq in the right half ofIl,,,, and letll,;, be the result
of commutingt andp in the right half ofIl.,,. Define the
monomial proof netd as follows. To specify; it suffices
to present a configuration of weighted axiom links. ©n
andq literals, fix the configuration as below-left:

- (idw) w
p‘ T ‘ N
ror 0 o ob pl R R RY Rt

NSNS NS
&p &q ® v w
| | | -

P& P R&Q Q+® Pt R R RY Rt

We have taken as eigenweights the labels of&haules of
thell,. The configuration of axiom links oA will be a dis-
joint union of axiom links in the identity and twist config-
urations:id,, andtw,, (above-right) denote a pair of axiom
links of weightw in the identity and twist configurations,
respectively. We specify thész by the following disjoint

®\ /® .

‘ P1VD3VDPy P1 NP3 A pa
lL | lL

2 Ry Q2 Q2
N/ N/

ks ks
&p, \@/

/

®
P3
P1 V Dy V Dy D1 ADp2 Apa
’:\l 73 ] ]
P: P3 R3 R3 Q3 Qs

N/ NN/

\/

\/

thout monomials: this (abbreviated) non-

\/

unions of weighted identity and twist configurationsAn

!dpq L tWﬁ L thq
!dpq L twg L twpg
Idpq L tha L tha [ thq

Op.pa:
Og.p¢:
Opg.pa.0°

(By redundancies of type (i) and (ii) illustrated earliéxete
are of course a host of other monomial proof régtsvhich
are parodies of the three above.) Sincdiheare equivalent
modulo inessential rule commutations, any satisfactaey th
ory of proof nets should provide a canonical representation
uniting all of them. With monomial proof nets one would
have to close under the sequentialisation relation between
proofs and monomial proof nets depicted earlier, thereby
creating a matching between the set of prddfsand the
set of monomial proof netés, and then artificially choose
a representative from amongst the

By contrast, in our setting we associate the same proof
net with eacHI,,: the four-linking proof net on the second
page of the Introduction. Thus we preserve the spirit of
MLL proof nets by providing an abstract representation of
all of theIl,, in one.

4.2 Girard's criterion is insufficient without monomials

A key stepping stone towards our formulation of a new def-
inition of proof net was to first settle the open problem of
whether Girard’s proof net correctness criterion [Gir9é} b
comes insufficient upon relaxing the dependency condition,
which is the requirement that every weight be a monomial.
The answer is yes: in Figure 8 we present a cut-free non-
monomial Girard proof net which is not sequentialisable.
By non-monomial Girard proof netve mean a proof net as

in [Gir96] but for the omission of the dependency condition.



Strictly speaking is an abbreviation of a non-monomial 5 Work in progress
Girard proof net: view each; as an eigenvariable and split
eachd into a separate>; and®-; formulas and remaining
weights are implied.

Figure 8 also encodes one of our proof structéresa
the notion of weight described on the third page of the In-
troduction. Itis not a proof net, since (P3) faifgg contains
a switching cycle passing through all foé&r's (follow the
four jumpsé&,,, to the axiom link{ R;; ;, R;+1} (mod4)).

The equivalence relation on cut-free MLL proofs induced
by their translation into cut-free MLL proof nets is canon-
ical in sense that the equivalence corresponds to coherence
in a star-autonomous category [BCST96]. We conjecture
that the equivalence on cut-free MALL proofs induced by
our translation into proof nets corresponds to coherence in
a star-autonomous category with products (hence sums).
We are seeking a reformulation of cut that preserves the

4.3 Mapping monomial proof structures to ours elegance of the cut-free definition, in the sense of retginin
_ _ a natural translation from proofs to proof nets.
Let a non-monomial Girard proof structurebe a proof We are investigating whether the following variant of

structure as in [Gir96] but for the omission of the depen- (P3) yields an alternative definition of proof net: for any
dency condition. Define a non-monomial Girard proof switching cycleS of a set of linkings\, at least oné tog-
structure to beompactif (a) every non-literal formula oc-  gled inA is notin S.

currence is the conclusion of exactly one link, except that a
formulaA & B may be the conclusion of bothg, - and a
@o-link, and (b) any two literal occurrences constitute the
conclusions of at most one axiom link. Each non-monomial
Girard proof structure, and thus also each monomial one,
can be collapsed into a compact non-monomial Girard proof
structure by identifying, along with their premises, lirdds

the same type with the same conclusion(s), and summingReferenceS

the weights of links and formulas so identified. This col- [AJ94] S. ABRAMSKY & R. JAGADEESAN (1994): Games
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