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A classical sequent calculus free of structural rules
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Gentzen’s systerhK , classical sequent calculus, has explicit structuralsrule
for contraction and weakening. They can be absorbed (inta-siged formula-
tion) by replacing the axion®?,—P by I, P,=P for any contextl’, and replacing
the original disjuction rule witi, A, B impliesI; A B.

This paper presents a classical sequent calculus whickhadrale of contrac-
tion and weakening, but more symmetrically: both contcacand weakening are
absorbed into conjunction, leaving the axiom rule untodchieuses a hybrid con-
junction rule, combining the standard context-sharing emutext-splitting rules:
ILA,A andI, X, B impliesT, A, X, A B. We call this systenHybrid Logic
Hybrid conjunction is critical for the liberation from sttwral rules: relaxing it to
the pair of standard conjunction rules breaks completeness

We prove aminimality theorenfor hybrid logic: any sequent calculus (within
a standard class of right-sided calculi) is compl#té& contains hybrid logic. Thus
one can view hybrid logic as a “complete core” of GentzeiKs.

1 Introduction

The following Gentzen-Schitte-Talt [Gen39, Sch50, Thg&tem, denoteGS1pin
[TS96], is a standard right-sided formulation of the praposal fragment of Gentzen’'s
classical sequent calculu :

— System GS1p

rA r B I, A
P,-P rA B MA A

r rAA
rA rA




Here P ranges over propositional variables, A;, B range over formulas|” ranges
over disjoint unions of formulas, and comma denotes disjoiion. (We have labelled
the conjunction and disjunction rules wia and for reasons which will become
apparent later.) By defining a sequent as a disjoint uniomwhtilas, rather than an
ordered list, we avoid an exchange/permutation rafe[TS9€, 81.1]). Negation is
primitive on propositional variableB, and extends to compound formulas by de Mor-
gan duality.

The structural rules, weakening and contractior, are absorbed in the following
variant, a right-sided formulation of the propositionattpaf the calculus of[[Ket44],
calledGS3pin [TS96]!

System GS3p

rA r.B r A B
S & %
[, PP A B rA B

The new axiont”, P, =P amounts to the original axiom, — P followed immediately by
weakenings. This paper presents a classical proposiseagaient calculudp which is
also free of structural rules:

System Hp

rAA T3 B A B ° A
P, =P AS A B rA B A A

(By analogy withGS3andGS3pin [[TS9€], we reserve the symbHl for a full system
with quantifiers, and uddp to denote the propositional system. Also following [T596],
cut is treated separately A distinguishing feature dfip is thehybrid conjunction rule

rAA TS B
NAS A B

which combines the standard context-sharing and conpaittisg conjunction rules:
rA TI,B N ANA 3B
A B A A B

Since it uses hybrid conjunction, we refer ltp as (cut-free propositionabybrid
Logic. The context-sharing rul& is the special case of the hybrid rule witkh and
2 empty; the context-splitting rule is the special case with empty. In contrast to

IWe have labelled the disjunction rule &s to distinguish it from the disjunction rule of GS1p
2To maximise emphasis on the hybrid conjunction rule, we oméntifiers and cut in this paper.
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GS3p contraction and weakening are absorbed symmetricallgh & absorbed into
the conjunction rule, leaving the axiom rule intact.
Our main theorem (padell0) is completeness:

Theorem (Completeness of cut-free propositional Hybrid Lgic)
P Every true formula is provable iHp.

Hybrid conjunction is critical for the liberation from stitwral rules: relaxing it to the
pair of standard conjunction rules (context-sharda@nd context-splitting ) breaks
completeness. The following system fails to be complete:

— System Hp~ (incomplete)

rA F,B& A B

A B A B
L ANA 3B [ A

A> A B A, A

Minimality of Hybrid Logic. = We make precise the sense in which hybrid logic rep-
resents a completeness threshold. Letaadard systerbe any propositional sequent
calculus containing the axiof, =P and any subset of the followirgjandard rules

A T,B rAB r
8 R -~ -
A B A B rA
AA 3B I, A r,A,AC
AS A B CA, Ay, rA

(Thus there ar@® = 64 such systems.) We prove:
( Minimality Theorem

A standard system is complateit contains propositional hybrid logldp.

3This precursor ofp is (cut-free) multiplicative-additive linear logiE [Gi73 with the formula con-
structorstensor andwith & collapsed to , and the formula constructopgus andpar % collapsed
to . This paper will not require any background knowledge addinlogic.



Here a systend' contains a systerfi’ if each rule ofT" is a derived rule ofS. For
example, syster®@S1p(displayed on padéd 1) contaihp, since the hybrid conjunction
rule and the disjunction rul® of Hp can be derived itcS1p

A A r=nB
rAA T,5B T we = w
— rAS A rAS B
rAS A B
rAS A B
r A B
rAB rAA B °
rA B - rA BA B
rA B

where W* denotes a sequence of zero or more weakenings.

If we define system$ and7" as equivalent if each contains the othiee.( every
rule of S is derivable inT", and vice versa), then there are in fact only three complete
standard systems, up to equivalence. The larg&s8ikp (pagdll). We refer to the other
two, each contained i6S1p, asPositive LogicandNegative Logicrespectively*

— System Pp (Propositional Positive Logic)

AA 3B A r,A,AC
P,—~P AS A B A, A, rA

— System Np (Propositional Negative Logic)

A B A B r
& 8 —

R - W
P,—~P A B rA B rA

Together with propositional hybrid logidp, these systems sit in the following Hasse
diagram of containments:

40ur terminology here comes from polarity of connectivesrear logic [Gir87]:tensor andplus

are positive, andvith & andpar % are negative. (This validates Girard’s choice of notationthe
connectives.)

5These containments are strict since neither contra€tinar weakeningV can be derived from the
other standard rules.



Propositional

right-sidedLK
(&, ,W,C)
GS1p
Propositional Propositional
Positive Logic Pp Np Negative Logic

(. .0 \/ (&, 3, W)
HP

Propositional
Hybrid Logic
(. .%)

Thus propositional hybrid logielp can be seen as a “complete core’@$1p hence
of (propositional) GentzentK .
1.1 Avenues for future work

1. Cut. Chapter 4 of[[TS96] gives a detailed analysis of cut for Gemtzystems.
One could pursue an analogous analysis of cut for hybridclodgiside from
context-splitting and context-sharing cut rules

AA S -A 7
AS Cutg r cutg
one might also investigate a hybrid cut rule:
A A Mz -A
LAY

2. Quantifiers.Explore the various ways of adding quantifiers4p, for a full first-
order systent.

cut

3. Mix (nullary multicut). Gentzen’s multicut rule
NA. . An X 0A, L mA
JAND

in the nullary casen = n = 0 has been of particular interest to linear logicians
[Gir87], who call it themixrule. One could investigate context-splitting, context-
sharing and hybrid incarnations:

A S r r A T,z
MiXg mixg, —— mix

A S r A S




2 Notation and terminology

Formulas are built from literals (propositional variablBs), R ... and their formal
complements?, Q, R, ...) by the binary connectiveend andor . Definenegation
or not — as an operation on formulas (rather than a syntactic forewtatruct). =P =

P and—P = P for all propositional variable®, extending to arbitrary formulas by de
Morgan duality~(A B) = (=A) (=B)and-(A B)=(—A) (—=B). Thus-is
not a connective; only and are connectives.

We identify a formula with its parse tree, a tree labelledhvitierals at the leaves
and connectives at the internal vertices.s#juent is a non-empty disjoint union of
formulas. Thus a sequent is a particular kind of labelle@ddtfr We write comma
for disjoint union, which is commutative and associative (@ual in graph theory).
Throughout the documengE, @, . .. range over propositional variableg, B, ... over
formulas, and™, 4, . .. over (possibly empty) disjoint unions of formulas.

A formulaistrue (or valid) if, for all possible assignments of its propositional vari
ables ta0 or 1, it evaluates td (with the usual interpretation of and on{0,1}). A
sequentd,,... A istrueiff A, ... A, istrue (with an arbitrary choice of brack-
eting). A sequenf is asubsequent of a sequeniA if A = I, Z for some (possibly
empty) disjoint unior® of formulas, and groper subsequent of A if X is non-empty.

3 Hybrid logic

DefinePropositional Hybrid Logic as the following system:

System Hp (Propositional Hybrid Logic)

raA TS B r A B 79 A
P, =P A A B A B MA A

We refer to this conjunction rule ds/brid conjunction, as it is a hybrid of the usual
context-sharing and context-splitting rul&sand (see pag€l2 of the Introduction).
The rule is used in [Urb00, UB01] to study cut elimination lassical logic via term
assignment.

ExAMPLE 1 Here is a proof of Peirce’s lal(” @) P) P inHp, where

5This foundational treatment of formulas and sequents asltabtrees and forests sidesteps the com-
mon problem of “formulas” versus “formula occurrences’sjdint unions of graphs are well understood
in graph theory([Bol0?], so we avoid reinventing the wheel.



A B abbreviateg—A) B:

)

P

P QP P, P
(P @ PP ’9

(P @ P) P

This use of the hybrid conjunction rule

v

raA T,3B
rAS A B

is degenerate, since andA are empty in the rule: it reduces to the special case of a
context-sharing conjunctiof, with " = P.

EXAMPLE 2 The following example employs the full power of hybrid camngtion, in
the final rule:

Q. Q P,
P, P Q,Q PP
P Q Q PP
The final rule is an instance of hybrid conjunction rule

e

rAA T,5B
LAY A B

with A = P, B = @, shared conteXt = P, left-splitting contextA empty and right-
splitting context= = Q P.

REMARK 1 Supposd™ andA are disjoint unions of formulas (so each is either a se-
guent or empty). Also suppose that (by some additional atioot or otherwise) it is
clear which formulag™ and A have in common (if any). DefinE A as the (non-
disjoint) union ofl" andA (so common formulas are not duplicatédfor example,
if T =2 "andA = 2, A (with A and T’ disjoint from one another, and frox)

"We leave possible foundational issues involved with “sti&@mmon formulas” and the superimpos-

ing operation to the reader’s mathematical common sense: any readerdititendefinition o’ A
ambiguous can simply skip this remark, as it is tangentigthéomain thread of the paper.




thenlT Ais Z,I",A’ (whereas the disjoint unioh, A of T andA is 2, 2,7, 4,
duplicatingZ). We can then reformulate the hybrid conjunction rule as:

A AB
r AA B

(where binds more strongly than comma).

3.1 Soundness and completeness

THEOREM 1 (SOUNDNESS OF PROPOSITIONAIHYBRID LOGIC Hp) Every formula
provable inHp is true.

We obtain this theorem as a special case of:
PROPOSITION1 Every sequent provable Idp is true.

Proof. Itis immediate that each rule is sound. Alternatively: guerle of Hp is either
a rule or a derived rule of the sound syst&81p(see pagEl4 of the Introduction).[1

To prove thaHp is complete, we require some auxiliary definitions and lesnda
true sequent iminimal if no proper subsequent s true. For examten P is minimal,
while P,=P,Q is not. The sequenf” (@, Q P, P proved above in Examplé 2 is
minimal.

LEMMA 1 Every true sequent has a minimal subsequent.
Proof. Immediate from the definition of minimal sequent. 1

LEMMA 2 Suppose a sequerit is a disjoint union of literalsi{e., I contains no
connective®. ThenT is minimal iff T = P, =P for some propositional variable.

Proof. By definition of truth in terms of valuationd, is true iff it contains a comple-
mentary pair of literalsi.e,, iff ' = P, =P, A with A a disjoint union of zero or
more literals. SinceP, =P is true, I is minimal iff A is empty. L1

Supposd” andA are disjoint unions of formulas (so each is either a sequesnpty).
Write ' A if Ais an extension of with zero or more additional formulasg.,
A =T A, ..., A, forformulasA; andn = 0. Let " be a disjoint union of formulas,
and supposé¢ M andl, M. Letl; Iy " denote the union of; and
" (with possible superposition/sharingk., the restriction of” to formulas (formula
occurrences) in at least one of the (See Remarkl1 above for related material.)

8Recall that- is not a connective, but rather an operation on formtlas 6n labelled trees). Only
and are connectives.



LEMMA 3 Supposel’, A; A, is a minimal sequent. Choode I andly T
such that ", A, and T, A, are minimal (existing by Lemma 1, sinc€, A, and
I, A, aretrue). Then; T, = I, i.e, every formula ofl" is in at least one of the
.

Proof. Otherwisel’; T3, A; A, is a true proper subsequent 6f A; A,
contradicting its minimality. (The sequent, TI,, A; A, is true sincel{, A; and
5, Ay are true.) 1

LEMMA 4 Supposel’, A B is a minimal sequent, and th&t A is true. Thenl', A
is minimal.

Proof. If not, some proper subsequetX of I, A is true. If A does not contaim,
then it is also a proper subsequentiof A B, contradicting minimality. Otherwise
let A’ be the result of replacing in A by A B. Since A is true, so also i€\’ .
Thus A’ is a true proper subsequent 6f A B, contradicting minimality. 1

LEMMA 5 Supposel’, A B is a minimal sequent, and that neither A nor T, B
is true. Thenl", A, B is minimal.

Proof. Supposel’, A, B had atrue proper subsequeht Since neithed”, Anor I', B
is true, A must contain botld and B. Let A’ result from replacing4d, B by A B
in A. ThenA' is a true proper subsequentbf A B, contradicting minimality. 1

The Completeness Theorem will be a special case of the foipproposition.
PROPOSITION2 Every minimal sequent is provablelip.

Proof. Supposel is a minimal sequent. We proceed by induction on the number of
connectives .

« Induction base (no connective§incel is minimal, Lemma&R impliefE = P, =P,
the conclusion of the axiom rule —=P.

< Induction step (at least one connective).

1. Casell = A, A1 As. By Lemmd},r =2, 40,1, A1 Ay for 2. A, Ay
and, A,, A, minimal. Write down the conjunction rule

2 AL A 2,0, Ay
27A17A27A1 AZ

and appeal to induction with the two hypothesis sequents.
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2. Casell =/ A; A,

(a) Case: A, Aj is true for some  {1,2}. Write down the disjunction

rule
A7 Ai

NA A
then appeal to induction with, A;, which is minimal by LemmAl4.

(b) Case:A, Ajisnottrue foreach {1,2}. ThusA, A, A, is minimal,
by Lemmdb. Write down the disjunction rule

A Ay, Ay
Av Al AQ

then appeal to induction with\, A, A,.

(" may match both case 1 and case 2 in the inductive step, pegrsttme choice in
the construction of the proof. There is also choice withiseca(a) ifA, A; andA, A,
are both true.) —1

Since a true formula (singleton sequent) is a special caseminimal sequent, the
following is an immediate corollary of Propositigh 2:

THEOREM 2 (COMPLETENESS OF CUTFREE PROPOSITIONALHYBRID LOGIC)
Every true formula is provable iHp.

Completeness is for true formulas (singleton sequentsyare generally minimal se-
quents (Propositidd 2). It does not hold for arbitrary seqsieFor example, the sequent
P,=P,(Q is true but not provable iRlp. See Sectiohl6 for details.

4 Minimality of Hybrid Logic

Hybrid conjunction is critical for the liberation from stitwral rules: relaxing it to the
pair of standard conjunction rules (context-sharda@nd context-splitting ) breaks
completeness. Ledp~ be the following subsystem dfp:°

9This precursor ofp is (cut-free) multiplicative-additive linear logiE [Gi73 with the formula con-
structorstensor  andwith & collapsed to , and the formula constructopdus andpar % collapsed
to .
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— System Hp~

rA T.,B r A B
& —®

A B rA B

PP AA 3B M A,
AS A B CA A,

PROPOSITION3 SystenHp~ is incomplete.

Proof. We show that the true formuld = ((P Q) (Q P)) P isnotprovable
in Hp~. The placement of the two outermostonnectives forces the last two rules of
a potential proof to be disjunction rules. Sinée @, ¢ P, P is minimal (no proper
subsequent is true), the two disjunction rules mus®bather than :
P QQ PP -
(P @ @ P),P
(® @ @ p) P

It remains to show tha (@, @ P, P is not provable irHp~.2° There are only two
connectives, both, so the last rule must be a conjunction.

1. Case: the last rule is a context-shariggrule.
(a) Case: The last rule introduced (. We have:
P,Q PP QQ PP
P QQ PP

The left hypothesi®, Q P, P cannot be proved iRlp~, since there is no
@ to match the) (and no weakening).

(b) Case: The last rule introduce@_ P. The same as the previous case, by
symmetry, and exchanging - Q.

2. Case: the last rule is a context-splitting-rule.

ONote, in contrast, that adp proof of this sequent was given in Examfle 2 on ddge 7.
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(a) Case: The last rule introduced (. We have:
P QA
P QQ PP

where we must allocate each@f P andP eithertol ortoA. If @ Pis
in ", then P, I" is not provable irHp—, since it contains n@) to match the
Q.SoQ PisinA. Butthen theP is required in botH” andA.

(b) Case: The last rule introduce@_ P. The same as the previous case, by
symmetry, and exchanging - Q.

L1
4.1 The Minimality Theorem

This section makes precise the sense in which hybrid logicesents a completeness
threshold. Define atandard system as any propositional sequent calculus containing
the axiomP, =P and any of thestandard rules:

A T,B rAB r
& % — W
A B A B rA
AA 3B I, A r,A,AC
AS A B CA, A, rA

Thus there ar@® = 64 such systems (many of which will not be complete).

Say that a systerfi containsa systeni’ if each rule ofl" is a derived rule of. For
example, as we noted in the Introduction, syste8ilp (displayed on padéd 1) contains
Hp (pagd®), since the hybrid conjunction ruleand the disjunction rul& of Hp can
be derived inGS1p

rA A r=nB
rAA T,5B T we T w
o ras A rAS B
rAS A B &
rAS A B
rAB
rAB rAA B °
rA B - rA BA B
rA B

where W* denotes a sequence of zero or more weakenings.
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THEOREM 3 (MINIMALITY THEOREM) A standard system is complétéit contains
propositional hybrid logidip.

We prove this theorem in the next section.
4.2 Proof of the Minimality Theorem

Define two systems amjuivalent if each contains the other. (Recall thitcontains
T if every rule of T" is a derived rule of5.) For example, it is well known thaS1p
(displayed on padd 1) is equivalent to the system

AA 3B M Ay Ay r MA A
S ———— % — W C
P, =P AS A B oA A rA rA

by deriving the following rules:

A, A > B
AA 3B W+ W
S — AT A A%, B
AS A B &
AT A B
A
roA _—t
—_— - I, Ay, Ay
rA A —_
r7A1 A2
r A B
rAB rAA B
rA B - A BA BC1
rA B
rA Tr.B
rA TI.B - 7
o T e — rrA B
MNNA B R
rA B

We can abbreviate these four rule derivations as:

1This system is multiplicative linear logiE [GirB7] plus doaction and weakening (with the connec-
tives denoted and instead of and®).
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Standard derived rules

(Context-splitting conjunction is derivable from context-sharing conjuncti&@and
weakeningV, and so on.)

4.2.1 Only three complete standard systems, up to equivalea

As a stepping stone towards the Minimality Theorem, in teigi®sn we prove that, up
to equivalence, there are only three complete standardragst

We abbreviate a system by listing its non-axiom rules. Fangde, GS1lp =
(&, ,W,0)andHp = ( , ,%®). BesidesGS1lp we shall pay particular attention
to the systemg , ,C) and(&,®,W), which we refer to apositive propositional
logic, denotedPp, andnegative propositional logic, denoted\p, respectively? In full,
for ease of reference, the systems are:

— System Pp (Propositional Positive Logic)
AA 3B I, A; MnAA
P, -P A, Z,A B I_,Al A2 I_,A

— System Np (Propositional Negative Logic)
MA B NAB r

- 0 -
P,—-P A B A B A

W

PROPOSITION4 Up to equivalence:

(1) the Gentzen-Schitte-Tait syste851p = (&, ,C,W) is the only complete
standard system with both contractiGrand weakenind/V;

(2) propositional positive logi®p = ( , ,C) isthe only complete standard system
without weakeningN;

(3) propositional negative logislp = (&,%®, W) is the only complete standard sys-
tem without contractiornt.

120ur terminology here comes from polarity of connectivesrear logic [Gir87]:tensor andplus
are positive, anevith & andpar % are negative.
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We prove this proposition via a number of lemmas.

LEMMA 6 Propositional hybrid logiddp = ( , ,%®) is contained in propositional
positive logicPp = ( , ,C), propositional negative logitlp = (&,®,W) and
GS1p = (&, ,C,W).

Proof. Pp containsHp since the hybrid conjunction rule is derivable fromC and
A A M8
A A 2B
— rr.AsS A B

AS A B C*
AS A B

(whereC* denotes zero or more consecutive contractions)’@nsl derivable from
andC (see pagEl4).
Np contains propositional hybrid logic since the hybrid comgtion rule is deriv-
able fromW and& (see pagE12), and is derivable fromW and® (see pagE14).
GSl1p = (&, ,C,W)isequivalenttd ,&, ,%®,C,W),since and® are deriv-
able, therefore contairf3p (andNp), henceHp. 1

LEMMA 7 Propositional positive logi®p = (C, , ) and propositional negative
logic Np = (&,%®, W) are complete.

Proof. Both contain propositional hybrid logiep (Lemmal®), which is complete
(TheoreniD). 1

LEMMA 8 Up to equivalence, syste@S1p = (&, ,C, W) isthe only complete stan-
dard system with both contracti@hand weakeningV.

Proof. GSlpis complete (see.g.[TS9€], or by the fact thaGS1p containsHp
which is complete). Any complete system must have a conjometlle ( or &) and
a disjunction rule ( or ®). In the presence of andW, the two conjunctions are
derivable from one other, as are the two disjunctions (sgelfid). 1

LEMMA 9 A complete standard system without weakemiigmust contain proposi-
tional positive logicPp = ( , , Q).

Proof. SystemHp~ = ( , ,&,%®), with both conjunction rules and both disjunction
rules, is incomplete (Propositigh 3, pdgé 11), thereforenust have contractio@.

Without the rule, the true formul§P P) (@ is not provable: the last rule must
be?, leaving us to prove® P, (@, which is impossible without weakeniny (i.e.,
with at mosf®, &, andC available), since, after a necessary axiBn® at the top of
the proof, there is no way to introduce the formg@la

15



Without the context-splitting rule, the true formula® (Q (P Q)) is not
provable. The last two rules must I8 for if we use a we will not be able to match
complementary literals in the axioms at the top of the prddfus we are left to prove

P.Q,P (@, using& andC. The proof must contain an axiom rule P. The next rule
can only be a&& (since P, P cannot be the hypothesis sequent of a contracfionle).
Since the only -formula in the final concluding sequeRtQ, P QisP (@, andthe
& rule is context sharing, th&-rule must be

P, P.Q

P
— &
PP Q

but P, @ is not provable. 1

LEMMA 10 Up to equivalence, propositional positive logip = ( , ,C) isthe only
complete standard system without weakenxg

Proof. By Lemma¥,Ppis complete. By LemmBl9, evely/-free complete standard
system contain®p. All other W-free standard systems containiRg are equivalent
to Pp, since the standard rule derivatioks—~ C and® ~ Cyield & and® (see
pagd T14). 1

LEMMA 11 A complete standard system without contractiomust contain proposi-
tional negative logitNp = (&,®,W).

Proof. SystemHp~ = ( , ,&,®), with both conjunction rules and both disjunction
rules, is incomplete (Propositigh 3, pdgé 11), thereforenust have weakeningy.
Without the® rule, the true formula® P would not be provable.
Without the& rule the true formula® (P P) would not be provable. The last rule
must be & (rather than a , otherwise we are stranded either withou? @r without
a P), so we are left to prové®?, P P. The last rule cannot b® or , as the only
connective is . It cannot beW, or we are stranded either withoutaor without aP.
It cannot be , as one of the two hypotheses will be the single fornfela 1

LEMMA 12 Up to equivalence, propositional negative loflp = (&,?,W) is the
only complete standard system without contracfion

Proof. By Lemma¥ ,Np is complete. By LemmB111, evefirfree complete standard
system containblp. All other C-free standard systems containiNg are equivalent to
Np, since the standard rule derivations—~ &W and ~ ®Wyield and (see
pagd T14). 1
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Proof of Propositiofi4, pade14 (up to equivalence, the stashdystem&S1p/Pp/Np
are unique withC andW / withoutW / withoutC). Parts (1), (2) and (3) of Propositibh 4
are LemmaEBI8,10 andl12, respectively. 1

LEMMA 13 A standard system without contracti@nor weakening\ is incomplete.

Proof. Any such system is contained fip~ = ( , ,&,%®), which is incomplete
(PropositioriB, page11). —

THEOREM 4 Up to equivalence, there are only three complete standatersg:
1. The Gentzen-Schiitte-Tait syst&®1p = (&, ,C,W).
2. Propositional positive logip = ( , ,C).
3. Propositional negative loghtp = (&,®,W).
Proof. Propositiodl¥ and Lemniall3. 1

4.2.2 Proof of the Minimality Theorem

Now we can prove Theorel 3, the Minimality Theorem.

MINIMALITY THEOREM A standard system is complete iff it contains propositional
hybrid logicHp.

Proof. Up to equivalence, there are only three complete standatdrsg (Theorei 4),
and each containdp (Lemmd®). —1

4.3 Propositional hybrid logic Hp as a “complete core” of Gerzen’s LK

The three inequivalent complete standard syst&84p Pp and Np, together with
propositional hybrid logi¢ip, sit in the following Hasse diagram of containments:

Propositional

right-sidedLK
(&, ,W,C)
GS1p
Propositional Propositional
Positive Logic Pp Np Negative Logic

(. .0 \/ (&, 3, W)
HP

Propositional
Hybrid Logic
(. .%)
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Thus we can view propositional hybrid logitp as a “complete core” 06S1p, hence
of (propositional) GentzentK .

5 Extended Minimality Theorem

Define anextended system as one containing the axiom ruie P and any of the follow-
ing rules:

— Extended system rules

AA 3B raA Tr.5B ra r.B
As A B rAS A B rA B
rvAi r,A,B
- i S—~
r7A1 A2 I—,A B
A A r

C — W
A A

Thus there ar@” = 128 extended systems, of which t2& = 64 without the hybrid
conjunction rule are the standard systems defined in Sedfiglt#%The Minimality
Theorem (Theoreild 3, pag€el13) extends as follows.

THEOREM 5 (EXTENDED MINIMALITY THEOREM) An extended system is complete
iff it contains propositional hybrid logiélp.

To prove this theorem, we require two lemmas.

LEMMA 14 Supposeés is a complete extended system with the hybrid conjunctiéa ru
, and with at least one of contractidhor weakeninglN. ThenS is equivalent to a
Standard system.

Proof. If S has weakenindV, let.S’ be the result of replacing the hybrid conjunction
rule in S by context-sharing conjunctio®; otherwiseS has contraction, and I&t’
result from replacing by context-splitting . ThenS’ is equivalent taS, since is
derivable from andC (see pagE15) and fro& andW (see paggE12). —1

3Note, however, that many of these standard systems havagmjunction as a derived rule.
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LEMMA 15 Supposes is a complete extended system without contracficor weak-
eningW. ThenS is equivalent to propositional hybrid logkép.

Proof. SinceHp~ = ( ,&, ,%®)isincomplete (Propositidd 3, page 1%)must have
the hybrid conjunction rule either directly or as a derived rule. SinSes complete,
it must have a disjunction rule, therefore it could only tailbe equivalent ttdp =
(, ,®if(a)ithas and?® is not derivablej.e. S is equivalenttd , ), or (b) it
has® and is not derivablei.e., S is equivalenttq ,%). In case (a), the true formula
P P would not be provable, and in case (b) the true fornfita P) (@ would not
be provable, either way contradicting the completeness of 1

Proof of the Extended Minimality Theorem (Theofdm&)pposes is a complete ex-
tended system. I has contractio® or weakeningV then it is equivalent to a standard
system by LemmB&_4, hence contaitig by the original Minimality Theorem. Other-
wise S is equivalent tdHp by LemméeIb, hence in particular contatig.

Conversely, supposg is an extended system containiHg. ThensS is complete
sinceHp is complete. 1

We also have an extension of Theorldm 4 (dade 17), which sta&dip to equivalence,
there are only three complete standard systéh$d,p, Pp andNp.

THEOREM 6 Up to equivalence, there are only four complete extendetg8ys
1. The Gentzen-Schiitte-Tait syst&®1p = (&, ,C,W).
2. Propositional positive logip = ( , ,C).
3. Propositional negative loghtp = (&,®,W).
4. Propositional hybrid logiglp = ( , 7).

Proof. Theoreni# together with Lemmhs| 14 andl 15. 1

6 Relative degrees of completeness

We defined a system aompleteif every true formula (singleton sequent) is prov-
able. To avoid ambiguity with forthcoming definitions, let kefer to this default notion
of completeness d®rmula-complete. Define a system asinimal-complete if every
minimal* sequent is provable, arsdquent-complete if every true sequent is provable.
(Thussequent-compleienpliesminimal-completémpliesformula-completg

14Recall that a true sequent is minimal if no proper subsedgsénie.
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PROPOSITIONS Propositional positive logiPp = ( , ,C) and propositional hybrid
logicHp = ( , ,%®) are formula-complete and minimal-complete, but not setyuen
complete.

Proof. We have already proved thelp (hence alsd’p, by containment) is minimal-
complete (Propositiod 2).
We show that the true (non-minimal) sequéntP, () is unprovable inPp (hence
also inHp). A proof must contain an axiom rulB, P. This cannot be followed by a
or rule, otherwise we introduce a connectiveor which cannot subsequently
be removed by any other rule before the concluding segBeRt (). Neither can it be
followed by contractiorC, since there is nothing to contract. 1

PROPOSITIONG Propositional negative logiblp = (&,%,W) is formula-complete,
minimal-complete and sequent-complete.

Proof. Np is minimal-complete since it contains minimal-complefie. Supposd is

a true but not minimal sequent. Choose a minimal subsegheaftl” (see Lemmall,
pagelB). By minimal-completenesA, has a proof. Follow this with weakenings to
obtainl” from A. 1

Below we have annotated our Hasse diagram with completestresgths.

— Relationships between complete inequivalent systems

Propositional
right-sidedLK
(&, ,W,C)
formula-complete
minimal-complete
sequent-complete

GS1p .
Propositional Prop qsmona_l
Positive Logic Negative Logic
(. .0 Pp w3, W)
formula-complete formula-complete
minimal-complete minimal-complete
HES sequent-complete
Propositional
Hybrid Logic
(,.7%)

formula-complete
minimal-complete
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